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ABSTRACT 

A theoretical  and experimental  p rogram was conducted to investigate 
the effects of molecular  weight and o ther  gas  propert ies  on the rate of 
mixing of dissimilar supersonic  gas s t r eams .  
sonic mixing process  was made by extending the original analysis of 
Channapragada and Woolley. 
which permi ts  prediction of i sobar ic  turbulent mixing ra tes  in the nea r  
field f o r  compressible  flow of similar gases.  This unique reference 
density approach has  been confirmed experimentally fo r  isoenerget ic  
s t r eams .  
compressible flows with s t reamwise  p re s su re  gradients.  

An analysis of the super -  

A reference density c r i t e r i a  was developed 

The prediction method was a l so  extended analytically to 

The effects of molecular  weight on the mixing process  were  also 
described analytically. 

Experimental  mixing data with a i r  s t r e a m s  a r e  reported for  
s eve ra l  velocity ra t ios  and fo r  conditions of an adverse p r e s s u r e  gradient. 

V 



1.0 SUMMARY 

A theoretical  and experimental  p rog ram was conducted under 
Contract No. NAS 1-6076 to investigate the effects of molecular weight 
and other gas propert ies  on the rate of mixing of d i ss imi la r  supersonic  
gas s t r e a m s .  An analysis of the supersonic  mixing process  was made 
and the original analysis of Channapragada and Woolley was expanded. 
reference density c r i t e r i a  was developed which permi ts  prediction of 
i sobar ic  turbulent mixing r a t e s  i n  the near  f i e l d  for  compressible  flow 
of similar gases .  
confirmed experimentally for  isoenerget ic  s t r e a m s .  
method was a l so  extended analytically to compressible  flows with 
s t reamwise  p re s su re  gradients.  

conditions existing a t  the onset of mixing. 

A 

This unique reference density approach has  been 
The prediction 

The reference density for  this 
- condition appears  to be the same  as  fo r  the i soba r i c  flow evaluated with 

The relation between the enthalpy and velocity distribution in  
turbulent shear flows is shown to be different analytically f r o m  the 
relation fo r  laminar  flows. 
this analytical observation is reported.  

P re l imina ry  experimental  confirmation of 

The effects of molecular weight on the mixing process  were  
described analytically. However, t es t s  were  not performed to tes t  the 
validity of the analytical model. 

, An experimental  mixing sys  tern was developed and tested under 
severa l  conditions of Mach No. 
s t r e a m s  a r e  reported fo r  s eve ra l  velocity ra t ios  and for  conditions of a n  
adverse p r e s s u r e  gradient. 

Experimental  mixing d a t a  with a i r  

1 



2.0 INTRODUCTION 

In recent  years  many investigations of g a s  fueled sc ramje t  
sys tems have been conducted with par t icular  emphasis  on the i r  operating 
reg imes ,  c r i t i ca l  performance design c r i te r ia ,  a n d  inlet  a n d  combus tor 
design for  operation over a wide Mach cor r idor .  
of hardware  and effective utilization of fuel, the combustor design plays 
a vital  ro le  in the sc ramje t  vehicle design. 
combustor is  to mix rapidly the reac tan t  s t r e a m s  and obtain the maximum 
energy r e l ease  with a minimum los s  in mechanical energy. 
seldom po s s ible . 

F r o m  the standpoint 

The function of an efficient 

This is ve ry  

Rapid mixing, fo r  example, of the reactant  s t r eams  can be  enhanced 
by injection of the fuel no rma l  to the a i r s t r e a m  flow. 
however, the preservat ion of total  p r e s s u r e  i s  los t  in resultant shocks 
generated by the impinging s t r eam.  
injection for  pract ical  sys t ems  h a s  hi ther to  been r e s t r i c t ed  due to the  
long mixing lengths and combustion chambers  that  were  considered to be 
necessary .  However, tangential injection of fuel can be accomplished 
with only minor  shock lo s ses  and, thus,  can ultimately produce the 
highest  thermodynamic cycle efficiency i f  these mixing lengths can be 
tolerated.  Hence, our  attention in this program was directed a t  
understanding the mixing r a t e  mechanism for tangential injectants in 
an effort  to improve pract ical  sys tems.  

By doing so, 

An al ternate  approach of tangential 

La rge  shock lo s ses  a r e  again encountered when one considers 
the detonation wave a s  the combustion mode for  the high speed r a m  jet .  
The most  promising combustion mode for this application appears  to be 
the supersonic diffusion flame which is possible with tangential injection. 
In this mode a fuel and an oxidizer a r e  brought together in paral le l  
s t r e a m s  a t  constant press.ure. Ideally, then, shock f r e e  mixing and 
chemical energy r e l ease  can take place between the s t r e a m s .  

In o rde r  to attain this idealized situation in pract ical  hardware  
a s  well a s  to obtain means to fur ther  optimize the system, the ability to  
descr ibe analytically the gas  dynamics and chemical  kinetics of the 
p rocesses  involved must  be developed. Fu r the rmore ,  in o rde r  to  
increase  the confidence in  any such analysis,  the analysis must  be 
accompanied by accurate  experimental  data. 

Under the present  contract  an analytical and experimental  
p rogram was conducted to develop and evaluate analytical techniques 



which would appropriately descr ibe such processes  in supersonic 
combustors.  In par t icular  the objectives were  to: (1) extend and 
combine existing analytical tools to obtain a coherent analysis of the non- 
reactive turbulent mixing of compressible ,  para l le l  s t r e a m s  with a rb i t ra ry  
molecular weight and s t reamwise  p r e s s u r e  gradient;  (2) s e a r c h  the 
l i t e ra ture  for  existing data to permi t  experimental  verification of the 
analyses;  (3) design and fabricate sub-scale  t e s t  configurations for  
optimized supersonic combustors using non-reactive sys tems;  (4) conduct 
tests with these sub- sca le  configurations and (5) compare  the analytical 
studies with cor  re la ted experimental  data. 

The program completed under  contract ,  NAS 1-6076,  was designed 
to develop the requi red  analytical methods and to provide a broad 
experimental  background fo r  evaluation of the supersonic  turbulent 
mixing processes .  
t rea ted  for  the nea r  field mixing regime. 

The plane mixing of non-reactive s t r e a m s  a r e  

The original program contemplated analyses and experimental  
verification tes t s  over  a broad range of pa rame te r s  and a comprehensive 
coverage of pa rame te r  combinations of interest .  The stagnation temp- 
e ra tu re  ra t io  was to range between 0 .5  and 6.0 and the velocity ra t io  to 
range f r o m  0 to 1 .0 .  
mined f rom 0 to 0.95. Molecular weight ra t ios  were  to  be investigated 
i n  the range of 0 . 0 7  to 1 . 5  corresponding to hydrogen, a i r  and carbon 
dioxide s t r eams .  In addition, p r e s s u r e  gradients  in  the s t reamwise 
direction were to  be investigated for  both positive and negative values 
with a Mach number a t  the final station to be a maximum of 5. 
supersonic  Mach number range to be covered was f rom 1.75 to 4 . 0  a t  
the mixing juncture. 

Experimentally,  the velocity ratio was to be de te r -  

The 

This final r epor t  contains the details  of the analytical studies, 
the experimental  verification tes t s ,  comparison of data and theory and 
recommendations for future work. 

3 



3.0 TECHNICAL ACTIVITIES 

3. 1 Analytical and Theoretical  Studies 

3.1.1 Genera l  Background - The Governing Equations 

An analytical extension of the turbulent mixing analysis of 
Channapragada and Woolley 
effects for  isobaric  mixing was developed. In the development, a 
modification to the energy equation e m  loyed in the original development 

not invalidate the approach originally used but mere ly  resu l t s  in  
different algebraic expressions.  
p resented  and discussed. 

(1) ::: to include d iss imi la r  molecular weight 

was necessary .  This new formulation (5 of the energy equation does 

Both alternative formulat ions a r e  

The extension of the supersonic  mixing analysis to include g a s e s  
.of d i ss imi la r  molecular  weight also requi res  an extension of the 
re ference  s ta te  definition. In par t icular ,  the additior!al degree of 
f reedom for  the the rma l  s ta tes ,  the composition, had to be incorporated 
into the evaluation of the reference state.  

Express ions  defining the reference thermodynamic state for 
multicomponent mixtures  were  set down in  fo rms  compatible with each 
of the two energy equations. Again, two alternatives a r e  developed. 
Briefly, they a r e  to express  the reference s ta te  in t e r m s  of a 
re ference  composition and either a re la ted reference enthalpy o r  a 
re ference  tempera ture .  'The propriety of these two must  await 
evaluation f rom the resu l t s  of a complete experimental  p rogram.  

Formulat ion of the basic  computer program for  the mixing 
study begins with construction of the routines for  evaluating the integral  
functions derived in the the sections that follow. 
section, the analysis i s  extended to provide an analytical approach 
to  turbulent mixing with a s t reamwise  p r e s s u r e  gradient.  
is approached along the l ines of the t ransformation given by 
f o r  l amina r  boundary layers  with s t reamwise  p r e s s u r e  gradients.  
work is a d i rec t  extension of the H ~ w a r t h ( ~ )  t ransformation to  s t r e a m -  
wise p r e s s u r e  gradient  flows. 
turbulent regime i s  straightforward using no rma l  techniques. 

In the final analytical 

The extension 

This 

The t ranslat ion of the approach to the 

* Superscr ipted numbers  denote references.  

4 



We a r e  concerned in this analysis with the mixing of d i ss imi la r  
s t r e a m s  of compressible  fluids. 
chemical  species  (and, therefore ,  probably the molecular weight and 
the rma l  propert ies)  contained in  each s t r e a m  a r e  not identical. 
r ep resen t  the physical problem the present  analysis is applied to  the 
turbulent mixing of two homogeneous s t r eams .  Thus, the assumptions 
of unit Prandt l  and Lewis number a r e  retained. 

By d iss imi la r ,  it i s  meant  that  the 

To 

The near  field o r  two-dimensional problem i s  t rea ted  he re ,  
making the analysis an extension of reference 1. The 
equations stated i n  reference 1 a r e  res ta ted  here as  a 

Mass  

S t r e  amwis e Momentum 

- 
t - -  a u  

p' -z- 
Energy  

where it is assumed that: 

- a i  a TT 
( p v )  - = - a Y  a Y  

and 

governing 
point of reference.  

where 
( p v ) "  = (p v ) '  f p '  v' 

5 



where 7 and qTare the so-called,  "apparent shea r  s t r e s s "  and 
"apparent heat flux'' f o r  the turbulent motion and & i s  the s ta t ic  enthalpy 
of the fluid. These t e r m s  may be interpreted as convective t r ans -  
ports  of momentum and energy, respectively. 

The relations above a r e  the boundary layer  equations f o r  a 
single chemically homogeneous gas ,  where,  the convective t ranspor t s  
functions have been se t  in an analogous form,  and have been assumed 
to  be much g rea t e r  than the molecular  t ranspor t  functions. 
fur ther  assumption of unit turbulent Prandt l  number ,  

Wi th  the 

The Crocco expression becomes 

- 2  

2 
U E = A t B ; - -  

and sat isf ies  equation ( 3 ) .  The constants A and B a r e  expressible  in 
t e r m s  of the thermodynamic pa rame te r s  and velocities of the unmixed 
s t r eams .  Letting the subscr ipts  1 and 2 signify the high and low 

where: 
2 
2 U 

- h 2 t  -2- - 
1 

P u2 

hl -2 

U 
h t y  

In subsequent investigations, the equations of motion for  t ime-mean 
turbulent flow have been derived f rom the level  of the Navier-Stokes 
equations. 
reference 2.  
derived in reference 2 and equation (3) i s  noted. 

The resul tant  equations and their  derivation appear in 
An apparent discrepancy between the energy equation 

6 



Due to the importance of the energy equation in the present  
study, and due to the uniqueness of the resul t ,  an abbreviated derivation 
is  presented here .  

3 . 1 .  2 Derivation of the Alternate Energy Equation 

F o r  the present  derivation it is sufficient to  begin with the 
Prandt l  boundary layer  form of the conservation equations. 
servation equations a re :  

The con- 

Mass  

Momentum 

Energy  

The f ie ld  proper t ies  a r e  then assumed to  be composed of a t ime-  
mean and a fluctuating component such that: 

- 
( I = (  ) t (  )' 

where 

therefor  e, 

1 
At 
I 

^ I  A t  
2 

1 
2 

- -  

t 

A t  

1 - A t  2 

) ' d t = O  

7 



but in genera l  
1 t - At 

1 s z  - - A t  
2 

(a)'  (b) '  dt  J 0 

Where, a' and b' a r e  the fluctuating components of any f i e l d  
p roper t ies ,  a and b. Hence, 

- - 
(ab) = a t (a '  b ' )  

and 

(ab)' = a b' t a' 

Substituting the expanded form of the field propert ies  into equations 8,  
9 and 10 yields for  the quantities of m a s s ,  momentum and energy: 

Mass  - 
a - a [ (  i;t PI)(;+ u')] t - [ ( s t  p ' ) ( v t v ' ) ] .  = 0 (8a) 

a x  a Y  

Momentum 

Energy 

2 
1 a k a(g t h') a(; t u') 

- 1 4- t-4- a y  - -  [c 
a y  P aY 

k 
p and c have Note, the fluctuations of the t ranspor t  propert ies  

been ignored. 
equations t ime-  aver  aged. 

These t e r m s  may  then be multiplied out and b e  

Mass  
CI 



Momentum 

a - -  a r  - -  a a;; 
ax aY a~ a y  [(Pu) u t (Pu)" u'] t - [ (PV) u t ( p v ) "  u' ] =-(p-) (9b) - 

Energy 

a -  - [ ( P U )  G t  (PU)" h']+ ax 

where: 

ai; -1 aY , lob)  

(ab)" = (ab)' t a'b '  

Next, it is assumed that longitudinal fluctuations a r e  small ,  and 
in par t icular ,  their  longitudinal gradients a r e  .small ,  i. e. , 

[ (PU)" u'] [ (pv)" u'] >> - a 
ay ax 

a - 

[ ( P u ) "  h']  
a 

[(pv)" h'] >> - a 
a Y  ax 
- 

and also,  

we next s e t  

a U  - (pv)" u' = T T = p  E - 
m a y  

- 

and 

- -  . 'h - ai; 
a y  

- (  pv)' '  h' = qT - 
P 

Employing these assumptions and by u s e  equation 8b, the governing 
equations a r e  reduced to: 

Mass  

9 



. Momentum 

Energy 

If one p resc r ibes  a consistant o rde r  of magnitude to t e r m s  i n  
general ,  the equations may be reduced fur ther  by the following 
techniques : 

I_ 

Let: (1) Time average t e r m s ,  i . e . ,  ( ), be 
of o r d e r  unity, except 

- 
(2) (pv) be  of o r d e r  6 

be of o r d e r  unity 

1 be of o r d e r  - 

a 

a 
( 3 )  

(4) ay 6 

Where  6 is a sma l l  number (e. g. ,  the mixing layer  thickness) 

It i s  observed that  the left hand s ides  of the governing equations 
a r e  now a l l  of the o r d e r  unity. 
equations, the right hand m e m b e r s  must  a lso b e  of o r d e r  unity. 

In o rde r  to have a consistent s e t  of 

We may  now determine the o rde r  of magnitude for  the t ranspor t  
coefficients under the assumptions stated. 
the momentum t r anspor t  coefficients 

It is easily recognized that 

Likewise, the energy t ranspor t  coefficients may be assumed to  be of 
this order :  

in  o rde r  to  sat isfy the consistency conditions a s  well a s  the assumption 
that the Prandt l  number is  of o r d e r  unity. 

Returning to the a s  sumption that the convective t ranspor t  
coefficients a r e  much g rea t e r  than the molecular t ranspor t  coefficients, 
it is implied that 

3 
p I O ( 6 )  

10 



Then, the l a s t  t e r m  in equation 1Oc may  be ordered:  

5 0 ( 6 )  

Therefore ,  the molecular  t ranspor t s  completely dissappear  f r o m  the 
first o r d e r  governing equations. 

The result ing f o r m  of the conservation equations paral le ls  
equations ( I ) ,  (2) and (3) 

Mass  

Momentum 

Energy 

Equations (8d) and (9d) a r e ,  respectively,  identical to equations 
(1) and (2). 
(equation 10d) no t e r m  containing the "apparent shea r  s t r e s s " ,  7 T  , 
a r i se s ,  indicating an important discrepancy between equations ( 3 )  
and (10d). 

It is  re-emphasized that the essent ia l  fea tures  of the m o r e  
detailed development of referenced 2 have been retained in the abbre- 
viated development presented he re .  
the absence f rom equation (10d) of the T1. ?.!? t e r m  as shown i n  the 

However, in the derivation of present  energy equation 

Pa r t i cu la r  attention was paid to 

m o r e  complete development. aY 

The difference in  the fo rm of the energy equation (Eq, 1 0 4  
voids the Crocco expression (Eq. 7) a s  a solution. However, under 
identical assumptions a new solution may be derived, which is  ve ry  
s imi la r  to the Crocco relation. The details  of the derivation a r e  
contained i n  reference 2, but the essence  of the development originates 
f rom the s imilar i ty  in fo rm of the momentum and energy equations. 

1 1  



For unity turbulent Prandt l  number 

e C  

Equation 10d m a y  be wri t ten as :  

The similarity i n  f o r m  s ugge s ts 

fi = ii ( G )  
With some manipulation of these relations,  one concludes 

6 = A t B ;  

For the p resen t  case,  the evaluation of A and B y ie lds :  

where : 2 
R, t u2 

2 

L 1 . 0  
2 

1 

u 
x =  - 

U 

as i n  equation 7. 

Notice that the Crocco relat ion indicates a l inear  relation between 
the stagnation enthalpy and the s t reamwise  velocity for laminar  flow, 
while equation (11) s ta tes  that a l inear  relation ex is t s  between the time- 
mean  values of the s ta t ic  enthalpy and the s t reamwise  velocity for  
turbulent flow. 

Although i t s  derivation appears  to be straightforward, the 
revised energy equation has  not, a s  yet ,  been exposed to the c r i t i c i sm 
of the open l i t e ra ture ,  nor is  there sufficient data immediately avail- 
able to ver i fy  i t  completely. 
difference in  the f o r m  of the equations which i s  finally used, the Crocco 

* A recent  summary  of data was published i n  AIAA Journal 
Crocco relation to be inappropriate for  hyper sonic turbulent boundary 
layers .  

"< 

Since there  is only a slight a lgebraic  

(1 8) showing the 

Computation by the rev ised  relation shows excellent agreement .  

12 



relation (equation 7) and the s ta t ic  enthalpy relation of equation 11, 
the analysis will be c a r r i e d  out for  both equations. 

3 . 1 .  3 Diss imi la r  Strearns  Analysis 

In o r d e r  to extend the equations of motion f rom the previous 
section to  include m o r e  than one chemically homogeneous system, it 
is necessary  t o  obtain an additional equation and t o  introduce some 
elaborations of these already developed. 

F i r s t ,  the additional equation i s  obtained by consideration of 
the conservation of species.  
assumptions para l le l  t o  those for  the other conservation equations, the 
species  equation i s  : 

After t ime averaging and invoking 

th 
where: - 

C = Mass  Concentration of i species  
i - 

and 

th + = Mass  ra te  of production (o r  destruction) of i 
species .  

F o r  the non-reacting system: 

w. = 0 
1 

When concentration fluctuations a r e  introduced into the equations 
of motion additional correlat ions survive the t ime averaging process .  
A redefinition of the convective t ranspor t  is in o rde r  due t o  these 
additional t e r m s .  In par t icular  

1 3  



Noting that 

We define two turbulent Lewis numbers  .. - 

i 

LET h E 

However, it will be assumed that 

- - 
E 'i C 

and thus,  

= L E T  
LET i 

since turbulent convectjon of a species  should be essentially independent 
of its molecular  properties.  

Examination of equations (13) and (14) revea ls  that Ei is 
dependent only on the concentration fluctuations, whereas  E i s  a lso 
dependent on the enthalpy fluctuation. The additional pa rame te r  
involved i n  E could differentiate it f rom ~~i thus suggesting 
a relation between these  pa rame te r s  s imi la r  to  that  between the 
molecular  and molecular  plus the rma l  diffusion coefficients of laminar  
flows. The difference between these coefficients in laminar  flows 
is  usually negligible, therefore  , this as sumption i s  a rb i t ra r i ly  extended 
to turbulent flows a s  indicated by equations (18) and (19).  

C 

Next, we impose the assumption that both the turbulent Lewis 
and Prandt l  numbers  a r e  unity. 
of the previous relat ions equations (3) and (7) o r  equations ( lec)  and 
( l l ) ,  f o r  the energy equation. Equation (12) may  be t rea ted  s imilar ly .  
In the absence of chemical reaction, 6i vanishes,  and with the unity 

These  assumptions allow the retention 

Prandt l  and Lewis number assumptions,  equation (12) 
in a f o r m  s imi la r  to  the momentum equation. 

a C i  
- -  a Zi _I a C.  1 a ( P E m a y )  
p '  ax 4- (PV) ay - - 

a Y  

may be writ ten 

( 1 2 4  

14 



This fo rm suggest the relation: 

- E. = c. (cl) 
1 1 

Imposing equation (20) on equation (12a) and employing the 
momentum equation, equation ( 2 )  and the definition of equation (4), 
yields : 2- 

d E .  

Which has  a solution: 

E, = A. t B. 
1 1 1 

analogous to the enthalpy relations of equation (11) o r  equation (7). 
Jus t  a s  i n  those equations, the constant A and B a r e  expressible  i n  
terms of the parameter  values i n  the unmixed s t r eams .  

1 

th C. 
1 

2 

1 
where 5 = - - - Concentration r a t io  of the i species in  s t r e a m s  

C. 1 and 2. 
1 

th . th = Concentration of i species  in  J s t r e a m  
jC. 

1 

Before proceeding into the formulation of the mixing analysis,  
one more  consequence of the assumptions already imposed will be 
discussed. 
all the m a s s  t ransfer  coefficients, 

The relat ion indicated by equation (18) also implies that 
E of the various species  a r e  equal. i’ 

Consider two s t r e a m s ,  each composed of multiple chemical 
species i n  homogeneous mixtures .  
each other ,  al l  gradients of concentration differences for  species  
between the s t r e a m s  a r e  identical. 
are also equal, they will diffuse through the mixing zone a t  the same  
rate .  The relative concent ra t ims  of the species  f r o m  a given s t r e a m  
will, then, remain  unchanged a t  any position i n  the mixing zone. 
However, this is equivalent to each s t r e a m  behaving a s  a single species.  

Upon exposing the two s t r e a m s  to 

If their m a s s  t ranspor t  coefficients 

15 



Thus, under the present  assumptions,  each  homogeneous s t r eam,  
no ma t t e r  what its detailed composition, may be t r ea t ed  as  a single 
species  in the mixing study. Therefore ,  it is only necessary  to t r e a t  
the mixing of two d iss imi la r  g a s e s ,  each having the average chemical 
and thermodynamic propert ies  of their  respect ive mixtures .  

The constants in  equation 21a m a y  now be evaluated f o r  the 
present  mixing study problem a s  w e r e  the constants in the previous 
enthalpy relat ions (equations 7 and. 11). The concentration field of the 
p r i m a r y  (higher speed s t ream)  s t r e a m  species  in  the mixing zone may  
be expressed  as:  

The concentration of the secondary s t r e a m  spec ies  is  
- 

Knowing the concentration field, other useful pa rame te r s  may also 
be determined. F o r  example,  the average molecular  weight field may 
be determined fo r  a mixture  of perfect  gases .  

Since 

A w1 0 (1 - X )  w =  - 
1 -ox - (1 -w)  2 

u1 
Also, the average specif ic  hea t  field 

A 

C 
P 

A 
C, 

P 

where: 
0 

CY 

w2 

w1 
- -  - 

= CP2/CP1 
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This equation along with equation 7 o r  11 will be necessa ry  to 
evaluate the compressibil i ty t ransformation in the next section. 

3.1.4 The Compressibil i ty Transformation 

The t ransformation of the m a s s  and momentum conservation 
equations to the f o r m  for  an incompressible  flow is shown in reference 
1. 
here .  

A s  a point of reference,  the t ransformation is  briefly repeated 

Beginning with equations 1 and 2 (which a r e  equivalent to 
equations 8d and 9d, respectively):  

Mass  

Momen turn 

We apply the Howarth Transformation defined by: 
Y 

0 

where p is the density at  some reference  s ta te ,  i . e . ,  p = constant. r r We fur ther  define a s e t  of s t r eam functions: 
Y X 

If we set 

* * =  qJ (29) 
and ,  thus, = u:?, it is  found that equation 2 is t ransformed to 

17 



It is recal led now that the momentum equation for an incompressible  
boundary layer  of density p is: r 

Thus,  i f  one can find a constant density flow field in which the 
local shea r  s t r e s s  
compressible  flow field, 'T T,  the Howarth transformation is the 
mapping function between the two flow fields. 
density flow field in the x:g - y%k plane has  a one to  one correspondence 
to the compressible  flow field in the x - y  plane. 
formation, then, prescr ibes  this correspondence in t e r m s  of the rat io  
of the local  density to the density of the incompressible flow, 

7 T'k is  equal to the local  shea r  s t r e s s  for  the 

That is, the constant 

The Howarth t r ans -  

P / P  . r 

3.  1. 5 Solutions in the Incompressible  Domain 

Before entering into the approach t o  determining a density which 
sat isf ies  these conditions, it is worthwhile to note the conditions 
fo r  which constant density flow solutions have been found. (5) It i s  
sufficient for  the study of mixing flows t o  apply the approach to  
se l f - s imi la r  flow fields.  
b y  a single independent var iable ,  called a s imi la r i ty  variable. 

That i s ,  flow fields which may be descr ibed 

F o r  turbulent boundary l aye r  flows, it i s  found that t he re  exists 
a var iable ,  T , which t ransforms the equations of motion f rom 
par t ia l  differential equations to ordinary differential equations. 

where q is defined as 

in t e r m s  of the incompressible  and compressible  plane coordinates , 
re  spe c t ivel  y . 

where: CT = the j e t  spread  parameter  for mixing in the 
physical plane 

= the j e t  sp read  pa rame te r  for mixing in the Ql 

incompressible  plane. 
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In reference 1 i t  was shown that the two approximations for  
edd.y viscosity,  i. e . ,  Prandt l ' s  mixing length concept: 

where: 

I =  kx (34) 

and  the constant t ranspor t  coefficient model: 

€ = k (ul - u2) x (35) m 

will  yield the solutions to equation (31) corresponding, respectively to 
the Tollmein(') solution, later extended by K e ~ t h e ( ~ )  ; and to the 
Gort ler(8)  solution, improved by Crane(9).  

At present ,  there  is  considerable difference of opinion a s  to 
which of the two eddy viscosity formulations is the more  representat ive 
of f r e e  j e t  mixing flows. In reference 1, i t  appeared that the Tollmein 
velocity profile was slightly super ior  to the Gort ler .  However, the 
Gort ler  e r r o r  function profile is  f a r  m o r e  widely used today. 
difficult to a s s e s s  whether or  not the e a s e  of application plays the de te r -  
mining role in  the usage frequency of the two formulations. 

It i s  

3.1.6 The Reference State 

The transformation of the compressible  flow equations to an 
equivalent incompressible  flow was completed only when i t  was assumed 
that a constant density flow could be found i n  which the local shea r  
s t r e s s  gradient, , was equal to that for the compressible  flow, a T~ :k 

a Y  a 'T. . This constant density is defined to be the reference s ta te  
dY 

which we wi l l  descr ibe i n  t e r m s  of boundary conditions of the flow field. 

(A) Fundamental Concepts 

In re ference  1 i t  was noted that the reference enthalpy suggested 
by E c k e r t ( l 0 )  for  high speed boundary l aye r s  was determined such that 
the local skin friction on a flat  plate could be calculated by a constant 
property solution evaluated a t  the reference state.  Thus, the resu l t s  
presented here in  and Ecker t ' s  resu l t s  bears  a s imilar i ty .  The f o r m  
of Ecke r t ' s  reference enthalpy was therefore ,  adoptec! to evaluate 
the reference s ta te  for  f r e e  je ts .  It was recognized that there would 
be some modification to the empir ica l  constants necessitated by the 
absence of a solid boundary. 
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The analysis of re ference  1 chose the reference temperature  
f o r m  of the reference s ta te  equation. 
reference enthalpy for  gases  with constant specific heats.  Thus, for  
small temperature  differences between s t r e a m s ,  i. e ,  differences 
small enough that the specific hea t  of the gas m a y  be assumed 
independent of temperature  the following reference s ta te  equation was 
used: 

This is  equivalent to the 

2 
(ul - u2) 

T1 P 1  
- 1 ) + B 2 c  ( 3 6 4  

r T2 T 
- -  - l t A ( -  

where (ul - u2) i s  the relative velocity of the f r e e  s t r eams ,  
temperature  differences a reference enthalpy was employed. 

For l a r g e r  

E c k e r t  found that the same  coefficients, A and B applied for  both 
equations when considering flow over flat  plate. 
l a rge  temperature  differences was not available to make such a 
comparison for f r ee  je ts .  

Sufficient data for  

Before considering the complication of changes of specific hea t  
due to composition gradients,  the motivation for  the third t e r m  appearing 
on the right hand side of each of these equations should be discussed. 

For flow pas t  solid boundaries one customari ly  fixes the 
reference f r ame  on a solid boundary. 
fixed, the flow velocity i s  expressed in  t e r m s  of the relative velocity of 
the flow with r e s p e c t  to the boundary. It should be noted that until this 
reference i s  established, the stagnation o r  total enthalpy of the flowing 
medium i s  not f ixed.  
under a Galilean transformation. 

Once the reference f rame is  

That i s ,  the stagnation conditions a r e  var iant  

The only solid boundary for the f r ee  j e t  mixing flow i s  the 
separating plate before the beginning of the mixing zone. Although this 
has  been chosen as the boundary a t  which the re ference  f r ame  is  to be 
fixed, one would expect that any analogy between the boundary layer  on 
a plate and the mixing of paral le l  flowing s t r e a m s  would be in  relative 
te rms .  

Above, we have mere ly  inser ted  the relat ive velocity of the 
s t r e a m s  i n  analogy to the relat ive velocity of flow past  a solid object, 
T h e r e  has been no overt  physical justification for  this approach. Let 
us now propose to es tabl ish the operative flow propert ies  for determining 
the reference state. 
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Certainly, we would expect the relative momenta of the s t r e a m s  
to be important  since one of the purposes  of the reference condition is 
the transformation of the shea r  s t r e s s .  This leads  us to the use of the 
relative velocity of the s t r e a m s  and the expressions (36a) and 36b). 

But, i s  the relat ive kinetic energy of the s t r e a m s  not a l so  important? 
One would expect i t  to be since i t  is  necessa ry  to es tabl ish the thermo- 
dynamic s ta tes  of the s t r eams .  

The relative kinetic energy of the s t r e a m s  is  not obtained by 
squaring the relative velocity. It i s  necessa ry  to augment equations 
36 by a t e r m  containing the difference of the squa res  of the absolute 
s t r e a m  vel0 ci tie s . 

Next, the possibility of the interact ion of these t e r m s  mus t  not 
be overlooked. 
the form: 

A t e r m  added to account for  this interaction would take 

1 - 

2C T1 
P 

However, before proceeding fur ther ,  l e t  us re-examine our intent. F i r s t  
we a r e  seeking a semi-empir ica l  formula for  obtaining the reference 
condition. 
constant which i s  to be determined f r o m  experimental  data. 
the interaction term is at mos t  of second order .  

Each  of the velocity t e r m s  discussed will be weighted by a 
And l a s t ,  

Thus,  i t  would appear  to be appropriate  to r e l ax  the s t ruc ture  of 
our  "formula" to r ep resen t  the essence  of the physical considerations 
discussed,  and to allow for  grea te r  e a s e  i n  evaluation of the data. 
will therefore,  regroup the velocity t e r m s  into a general  quadrat ic  f o r m  
i n  u and u yielding 1 2' 

T 

We 

2 2 
Bu t Du u t E u 2  

(37a) 
r T2 1 1 2  

T1 1 P I  

- 
2 C T  

= 1 t A $--1)+ 

or  
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The constants A, B, D, and. E to be evaluated empirically.  

It is noted i n  passing that the analysis of re ference  1 was dealing 
almost  totally with data f o r  which u = 0. F o r  this condition, equations 

2 36 and 37 have identical  forms.  

(B) Effect of Composition Gradients 

In the previous section , when considering the stagnation potential 
fo r  the f r ee  je t s ,  effects due to changes in  composition d i d  not enter .  
However, when the mixing of dissimilar gases  is considered, the temp- 
e ra tu re  o r  enthalpy alone is not sufficient to es tabl ish directly the 
thermodynamic s ta te  of the reference condition. The composition must  
a l so  be specified before the state propert ies ,  such as the density, can be 
determined. 

Several  representat ions f o r  reference compositions have been 
suggested f o r  boundary layers with m a s s  addition. (11, 12, 13) Pai(14) 
a l so  considers an  effective density for  j e t  flows. However, these all 
exhibit considerable a rb i t r a r ines s  as to the physical p rocesses  which 
a r e  assumed to be controlling. 
dominant for  the boundary layer  with mass addition, as in  some of the 
referenced papers ,  a r e  not c lear ly  pertinent to f r ee  j e t  flows. 
we will re ta in  the previous f o r m  of the reference equations 37. These 

and X . Thus, the reference temperature  relation becomes 

Fur the r ,  the p rocesses  chosen as being 

Therefore ,  

2 will now be restated in  t e r m s  of non-dimensional pa rame te r s  c1 ,P 9 

2 2 T 1 - A ( 1 - p )  t C1 [A t B - 1 t DX - (A-E) X 3 r 
(38a) - -  - 

2 
1 - c1 

The corresponding reference enthalpy express ion  is of identical  f o r m  
except  the coefficients A, B, D, and E m a y  be a function of p r i m a r y  and 
s e conda ry  s t r e am compo si t i  on. 

2 
1 - A ( 1  - P ) t  C1 [ A + B  - 1 t DX - ( A -  E ) X 2 ]  

2 (38b) - -  - r h 

hl 1 - c1 

I t  i s  seen  that i n  this simple extension, the express ions  a r e  equivalent 
when the gases  a r e  identical, However, when the specific heats  of the 
different gases  are merely independent of temperature ,  the reference 
enthalpy and reference temperature  expressions are not identical. 
specific hea t  ra t io  of the p r imary  and secondary s t r e a m s  remains i n  equation 
(38b). 

The 
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In o r d e r  to complete the evaluation of the reference s ta te ,  i t  is 
s t i l l  necessa ry  to es tabl ish the composition of the reference state.  
Recalling the relation be tween the velocity, enthalpy and concentration 
derived i n  an  e a r l i e r  section for  unity Prandt l  and Lewis number,  i t  is  
noted that for  unity Lewis number, the enthalpy and concentration 
distributions within the mixing zone m a y  be related.  

For two homogeneous but dissimilar s t r e a m s ,  the relation is: 

for the Crocco f o r m  of the energy equation and 

for the revised enthalpy f o r m  of the energy equation 

The specific hea t  a t  any point i n  the mixing zone will then be 
determined by - 

c ( 7 )  = c + ( C  - c ) c1 (q) (40) 
p2 p1 - p2 P 

where  c is  input from ei ther  equation (39a) o r  (39b). 
1 

E c k e r t  ( lo) and l a t e r  Burgraf(15) es tabl ished that the flat  plate 

By extending this concept to 
reference enthalpy for  unity Prandt l  number was the stagnation enthalpy 
of some point within the boundary layer .  
the j e t  mixing region and by employing equations (40) and (39a) o r  (39b) 
the reference condition for dissimilar s t r e a m s  m a y  be completely 
determined by solving ei ther  equation (38a) or  (38b). 
density i s  then determined f r o m  the equation of state (e. g. perfect  gas). 

The reference 

The constants A, B, D, and E i n  equation (38a) and (38b) a r e  to 
be determined experimentally. 
however, i s  1 /2 ,  since this value i s  necessa ry  to make the re ference  
s ta te  independent of the selection of the p r i m a r y  s t ream.  

The probable value of the constant "A", 

3. 1 - 7  Evaluation of the Transformation 

The next task was to re la te  the t ransformed and physical 
coordinates of the flow field. The compressibi l i ty  transformation 
provides the necessa ry  functional relation i n  in tegra l  form,  
evaluate the in tegra l  i t  is  necessa ry  to expres s  the density field in  
t e r m s  of known quantities. 
assumed to be the boundary conditions on the mixing zone. 
of the previous section provide these required expressions.  

In o rde r  to 

In this case ,  the known quantities a r e  
The r e su l t s  
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The compressibil i ty transformati.on for  self- s imi la r  flows may 
be stated in  the form.  

'1 

0 

In order  to evaluate the in tegra l  of equation (41), the integrand 
p 1  --$- , m u s t  be stated i n  terms of 

where the p r e s s u r e  is everywhere constant: 
q . We note that for the present  case,  

F o r  conciseness we will assume that we a r e  dealing with perfect  gases  
with constant specific heats.  F o r  such gases ,  

By introducing equations (22), ( 2 3 ) ,  (24)  and ( 2 5 ) ,  the density r a t io  
will be expressed  i n  t e r m s  of the enthalpy and the velocity profiles 

P hl w [ a- x + (1 -CY)? J U 

U 

(43 1 

To complete the expression,  one of the two relations between the 
enthalpy and velocity fields may be substituted for  the indicated t e r m  
above. 

(A) Formulat ion with the Crocco Relation 

F i r s t ,  we w i l l  evaluate the t ransformation using the Crocco 
enthalpy formulation. 
of the analysis in  reference (1) to incorporate  the resu l t s  obtained for 
d i ss imi la r  s t r eams .  

This will r ep resen t  a straightforward extension 

A simple substitution of equation (?a) into equation (43) yields: 
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P 

I 

Which may be put i n  f o r m  fo r  numerical  
equation (41). 

- 
d -$  - -  - 
f t+’ - a * b  p1 

P 

where: 
1 - w  

a =  
w ( l  - cr) 

c 2  

(1 - x )  (1 - c,”) 

evaluation of the integral. of 

CY - x  
f =  - 

1 - c r  

p -  x 
2 

k =  
(1 - x q  

- 
U - the normalized velocity profile (+I= - d + J  - - 

1 
d?l U 

(B 1 

, of the in tegra l  transformation, equation The density ra t io ,  - 
Formulation with the Revised Enthalpy Relation 

p1 
P (41), may be alternatively evaluated by means of the revised enthalpy - 

velocity relation whose derivation was shown ea r l i e r .  Again, the 
density profile may be expressed  i n  t e r m s  of that velocity profile. 
Substitution of equation (11) into equation (43) yields the desired 
expression. 
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The simplified f o r m  of equation' (45a) for  numerical  evaluation 
is: 

where: 
a, d, f as for  the Crocco formulation 

The Runge-Kutta numerical  integration routine was used to 
evaluate the integral  of equation (41). 

3. 1.8 Streamwise P r e s s u r e  Gradient Analysis 

The problem of mixing para l le l  compressible  s t r e a m s  i n  a 
s t reamwise  p re s su re  gradient f i e ld  is  analyzed using the "building 
blocks" obtained i n  the z e r o  p r e s s u r e  gradient analysis.  However, we 
move to a more  general  transformation family, of which the H o ~ a r t h ( ~ )  
transformation is  the member  corresponding to z e r o  p re s su re  gradient. 

(A) Theoretical  Development 

The(Fz)neralieed t ransformation begins in the identical  manner  
as the Coles -Crocco(17) transformation. 

Let  

d x  .I. 
1- 

= b(x) 
d x  

where p ~ i s  the reference density, a constant. 
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.- 

The velocities a r e  obtained f r o m  the s t r e a m  function in  the 
.r. 1- 

usual manne r . 

Equations (46), (48), (49) and (50) yield 

Applying these relat ions,  the x-momentum equation may  be t ransformed 
to 

d In a u - t  - -!Fir] - l/JTx- 
Y a Y  

H e r e  we specialize the Coles transformation by set t ing specific functions 
i n  place of a ,  b, a n d  g. 

1 
2 
- 

(53) a = g = ( - )  P , b = l  
P(0) 

where  p(0) = p (x = 0)  

This transformation is  a f o r m  s imi la r  to that of Low. ( 3 )  Equation (52) 
then be comes 

T h e  energy equation for  turbulent boundary l aye r s  derived in  an e a r l i e r  
section"' i s  t ransformed f r o m  

:;: 

+:: The development using the Laminar  f o r m  of the energy equation is 

.lr .Ir 

The shorthand notation - a (  ) 

shown by 
secondary s t r e a m  is easi ly  included as  outlined in the present  analysis. 

( ) will hence€orth be employed. a, X 

i n  a l l  i t s  essent ia l  features.  The t reatment  of the 
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I;G FlX t ( pv) Fly ='  cl px t qT 
Y 

(55) 

to 

Next, we examine the flow in the f ree  s t r eams .  In these regions,  i t  is 
assumed that the t r ansve r se  gradients vanish, therefore,  

F o r  adiabatic flow: 

2 
U 

2 
0 

U 

2 
2 

-a, , H  = h  t = h  t- 2 -a, - 
2 0 

and for isentropic  flow 
' P  

p2 - t2 

t 1 p 2  Pt2 

- -  1 
Pt 

- -  - P1 
_ -  Y Y '  Y Y 

P 

W e  note f r o m  Eq. (59) that for p - 
1 - p2 

(59) 

p2 2 

1 
P t  

1 
P t  

1 - 
Pt Y 

(-) 
pt 

1 

2 

= constant 

We note that the relation (60)  holds a s  long as  
the same.  

Y for  both s t r e a m s  is 

T' We introduce the following usual constructions for  7 and q T 
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p e  
I - =  

T 

h 
E 
- - - 
C 

Then 

P 

- 
h 

Y 

Imposing the t ransformation on these t e r m s  yields 

If we s e t  
-1 - 2 

-r = ($)) (4 P, E 
*- 

We find. that 
1 - 

Substitution of (62), (63) and (57) into (54)  and (56) r e su l t s  i n  



where  the perfect  gas relation has  been introduced along with the uniform 
c ross  sectional p r e s s u r e  to obtain 

and 

We may now proceed. to solve the problem i n  the transformed plane. 

(B) Perturbat ion Expansion for Smal l  P r e s s u r e  Gradients 

We wish to obtain solutions valid fo r  isentropic  flows with 
uniform c ross  sectional propert ies  i n  the f r ee  s t r eam.  
this r e s t r i c t s  us to small s t reamwise  p r e s s u r e  gradients ,  par t icular ly  in  
the case of supersonic  s t r e a m s .  
en ters  on two counts: 
maintenance o.f i sentropic  flow i n  the instance of positive p r e s s u r e  
gradients. 
following f o r m  i n  the f r e e  s t r e a m :  

Of necessity,  

In the l a t t e r  instance,  the restr ic t ion 
The uniformity of the f r e e  s t r e a m s  and the 

A.ccordingly, we introduce a velocity gradient of the 

u = u t Lyu (x) t 0 ( CYL) 
11 

12 
2 

1 

2 

co 0 

u = u t cyu ( X ) - t - O  ( a )  
-a3 0 

where:  a i s  a small number 

These conditions a r e  now generalized to the field propert ies  
themselves . 

2 
%:(X> Y.J  <,- = uo(xy y,) -a- + Q U l ( X ,  y.,.) a,. -t O ( a  ) ( 6 9 4  

We fur ther  take the following f o r m  f o r  the transformed s t r e a m  
function 

+* = P,, 9(% Y,) 1- (70) 
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Thus 

Introducing these expansions into the f r e e  s t r e a m  energy equation r e su l t s  
in  simplification of the boundary conditions : 

2 
U 
a, h t - -  = constant fo r  adiabatic flow 

a, 2 - 
2 

U 
-co h t - -  = constant fo r  adiabatic flow 

-a, 2 - H2 

Introducing the expansions and solving f o r  ha, and h-, 

S imi la r ly  

2 
t 2 * "0, u t 0(.2)] 2 - 2  [ u02 12 

2 1 
ho2 t a h12 t O ( Q  ) = H 

2 
Setting 

U 
0 H = h  t- = conditions where  mixing begins 

0 2 

And substituting, we obtain 

and (72) 

t a h  = ho2 - Q uo2 u12 ho2 . 1 2  

Now substi tution of the expansions into the t ransformed momentum and 
energy equation we may  set up an o rde red  solution p rocess  f o r  the 
individual fo rms .  

(4 Zeroe th  O r d e r  P rob lem;  0 ( a o )  

Momentum 

U 
uO 0 uox, t v = ( E  

1. 0 uoY* 0, 'L' Y,) Y, (73) 
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Energy - 
E 

O 2: 

(b) Boundary Conditions 

o r  

where 

and 

= 9, 
y ::: 0 

(b) First O r d e r  Problem;  O ( D )  

Momentum 

- - 

Y, 
v1 uo 

u u  t u u  + v u  0 1  1 0  0 1  
X.I. ?- x., T y::c 

Energy 
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Boundary Conditions 

or 

( c  1 Genera l  Solution f o r  Zero th  Orde r  Problem - Enthalpy 
Fie ld  in Velocitv Space 

Before proceeding to the solution of these  o r d e r  of approximation 
problems,  we note the s imi la r i t i es  between the momentum and energy 
equations in the "zeroth" o rde r  equations. 

If it i s  assumed that h = h (u ) y  in  place of equation (74) we may  
0 0 0  write;  
E 0, E 0:; 2 hoU u 

u u  + v u  u ) t- U ( (81) 

o '73, 0 
PrT Y, 

0 
Y, 

= $*- 0 0  0 0  
x<: y, T 

Then subtracting the ( e") momentum equation f rom the above equation 
yields : 

Both well known incompressible  eddy viscosity models may be 
represented  by 

n 
E J. .I- = Q (4 uo 

Y* 

Substitution into equation (82) yields 

3 3  



or 

Yielding 

and 

0 

Thus, we have a genera l  solution for  the zeroth o r d e r  enthalpy a s  a 
function of the zero th  o r d e r  velocity distribution. 

( 4  Solution of the Zeroth Orde r  P rob lem f o r  the Gor t le r  
Type Eddy Viscosity Model - 

In o r d e r  to  i l lustrate  the method of solution of the problem, it is 
necessary  to  be specific with r ega rd  to  the eddy viscosity model, 
the genera l  approach, however, is applicable no ma t t e r  which model 
is  assumed.  
eddy viscosity to demonstrate the soluticn procedure.  

.?. .P 

Because of i ts  simplicity we will use  the Gort ler  modelof 

Let u s  reca l l  that  

E = KX (ul - .uZ) 

For z e r o  p r e s s u r e  gradient flow. 

+ If one chooses t o  work with the mixing length eddy viscosity 
( E =  

relation between the mixing lengths 4 = 
model it will be found m o r e  convenient to specify the 

3’2 r a the r  than 
between the eddy viscosit ies.  I -I- P- 
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Extending this formulation to p r e s s u r e  gradient in  a general  
manner  but in such a way as  to preserve the general  approach of the 
original development one obtains 

Le t  

and 

-,. 

Then we note 

and 

SubsLcution of 

Then by letting 

u = +  
0 Y, 

01 U 

- (f - qf ' )  
.I. .I. 

85), (87)  and (89)  ,nto the momentum equation (73) yielt 

gives the well known Gort ler  problem 

f" '  4- 2ff" = 0 

With  boundary conditions 

Is 

35 



Which is the Gort ler  problem for  ze ro  p res su re  gradient mixing. Thus, 

1 - 1  2 
O 1 I (91) 

0 
1 - x  

0 
U 1 t X  
0 

e r f  (71) -t 0 ( 1  - -  
[ l t 1 + X  0 0 

2 
- f '  ( q )  = 

U 

1 
0 

The corresponding zeroth order  energy equation i s  then solved by 
substitution of (91) into equation (85) with n = 0, yielding the zeroth 

2 order  (dp = 0)  enthalpy field: a;; 
rl -Pi-, E 

where  2 - 5  
e r f (q )  = - 2 j  e d f  

0 
fl 

Then, by a change of var iables  under the integral  i t  is  found that: 

1 - 1  

with boundary conditions given by: 
1 - x  

2 

1 4 - 1  

0 

2 
B1 t B ho(m) = h = u 

1 
0 0 
1 

0 

B1 -t B2 
= - u  

2 
h (-a) = h 

1 
0 

2 
0 0 

Thus : 
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Then 

1 ho(rl) = h 0 

2 

1 

0 
h 

l t g -  
0 

2 

2 
h 

1 - -  
1 

h 

h 

0 

0 

O 2  1t- 

1 
h 
0 

(93 1 

Which indicates that  the degree of spreading of enthalpy a t  '1 corresponds  
to  the degree  of spreading of velocity a t  --2L-.. Which i s  as  one would 

expect. 5 
(e) Solution of the First O r d e r  P r o b l e m  w-ith the Gor t l e r  

Eddv Viscositv Model 

Using the s a m e  t ransformation used  for  the zeroth o r d e r  problem 
but setting 

u = = u  Q g '  
I 1 0 

y* (95 1 

The first  o r d e r  momentum equation is then t ransformed t o :  

I - u  K1(X:J Y1 1 2  ] f " '  t Bg"' 
' K  0 u (1 -Lo) 

1 
0 

Before proceeding w-ith the solution of this equation, let u s  
examine seve ra l  t e r m s  in o r d e r  to de te rmine  the i r  fo rm and possible  
fur ther  simplifications.  
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(1) Relations Between Free S t r e a m  Prope r t i e s  

We approach the 
11 - u12* Let u s  investigate the f o r m  of u 

investigation by first  examining the isentropic  nature  of the f r e e  
s t r e a m  flows. 

Therefore  , since p 1 - - P2: 

P 
p2 t2 
p1 P 

-=  - Ptl 

Pt2 

t--) = Constant 

Now examine the free stream momentum equations 

2 1 1  
dx dx 2 d x  

u du du 
P2 u - . dP - -  - - - =  

This equation may  be  put i n  the form 

1 2 
d -  U 

dx 
1 2 2  

2 

which may be integrated direct ly ,  since - 

0 
1 2  h 

dx h 

d - u 2  
- 

I - -  

2 2 P 
1 2  

d- u 
2 
dx 

- - -  
0 p1 

is independent of x. 
p 2  

p 1  
1 2 2 2 2 1 1  

h 

2 
h 

0 

- u  ) 
2 

2 1 0 2 (‘2 0 
- . ( u  - u  ) = - 

0 1 

Introducing the expansions fo r  u and u yields: 
1 -a, 

h 

Thus, u 
of the t v  

- u 
1 12 

s t r e a m s  and their veloci t ies  a t  the point of init ial  encounter. 
may be determined in  t e r m s  of the stagnation conditions 

u h  
2 1 

12  11 u h 
2 1  

0 0 
lJ = u  -- 

0 0 
(99 1 
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Then 
2 1  

1 

0 
h 

u - u  = ( I - -  
11 12 h 0 

0 

( 2 )  Exponential S t reamwis  e Velocity Gradient  F o r m  

If we let the f r e e  stream velocity gradient  va ry  a s  some power of 
X$' thus 

u = u a x ,  
1- 

1 
11  0 

Then 

It is noted that  the f o r m  of the resu l tan t  p r e s s u r e  gradient is  s i m i l a r  
to (101) 

Dependence of E +o on X 
Conside ra t ions  

f r o m  Dimensional 
N (3) 

N We a l so  s e t  K (x) = a k K x in  the eddy viscosity formula.  
1 N N  o 

Substitution of these relat ions into the momentum equation yields 
after simplification : 

O Y  
h 

1 
2 2 0  

(N t 1) f" g - N f '  g'  t f g" t - (N t 1) f" g"' = -N (r - - M 2f f f r )  
1 1 

0 

1 -  h02 (1 04) 
h O l %  

t k N l  f" '  
1 
2 - -[ 

1 - 1  
0 
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A solution may now be constructed in the f o r m  

h02 
2 h o p  0 

g + E  I - x  1 N2 0 

1 -  

I t  kNl  gN 
3 0 

- - t -  ' M  gN gN1 2 

Then we may  s ta te  the problem in an opera tor  notation: L 

where  

With boundary conditions: 

( 0 )  = 0 i =  1, 2, 3 
i gN 

g' I+. a) = g' (4 cc) = 0 
N2 N 3  

g' (t a )  = 1 

g'  (-a) = - N1 ho2 
~h 

1 
N1 0 0  

R e  calling that: 

and 

2 
h 

1 +---- h .  
1 

2 

0 

0 

2 

1 

0 
h 

1 --  h 
0 

[ I t  h 
2 

1 

0 

1t- h 
0 

erf (-- T ] 
rn T 

1 - X  
0 0 

1 + x  
f (rl) = 7 b+ iTK--  erf  ( r l ) ]  

0 

The equations may be solved by quadrature  o r  numer ica l  methods.  
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.Note; however, that  the functions 'gN will depend on x i 
through f ,  and therefore  they a r e  not un iversa l  functions. The 
functions gN2 and gN2 a r e ,  however, independent of 
a l l  other boundary con itions i. e . ,  ho2 , 
does not have to be completely 
case .  

M o l ,  and -z- and kN s o  the problem 
resolved for  each par t icular  

Should we wish to  represent  the case where the f r ee  s t r eam 
velocity is of the form: 

M 

a r S N  u = u  
1 

11 0 

N =  1 
N 

we may mere ly  superpose the individual solutions with u l l  = uol aNx+ , 
since the differential  equation fo r  g is l inear .  The f i r s t  o rde r  s t r e a m  
function will then be of the f a rm:  N 

M 

(4) Solution of the First O r d e r  Energy Equation 

Having the solution for the velocity field, we now, turn  to the 
The same  techniques a r e  ma t t e r  of determining the enthalpy field. 

applicable h e r e  a s  w e r e  employed in  the solution for  the velocity field. 

Recalling equation 72 
3 

h = h  - (YU u t 0 (aL' )  
0 11 

1 1 
03 0 

W e  s e t  

' Substitution of this into the f i r s t  o r d e r  energy equation and 
t ransforming a s  in the c a s e  of the velocity field yields a s imi l a r  equation. 

h '  1 2 0 Y 0 
h 

f D t f D - N f ' ]  r = -N(---ff'+ 

1 
h O l  2 ( Y -  1) 0 

N 

h02 1 -- 
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Again we set 

h02 1 
kN 

1 --- 
h 

1 - 1  

2 PrT ( y -  1) Mo 

(112) 
N4 

-1 r 
Y r 1 hol  0 

0 
N 2 t p - 1 ) M  i 'N$ 

2 
1 0 

2 Y - 1  
r = r  
N N1 

1 
Then 

f '  
0 

h - 
hOl 

1 
2 PrT [- D2 t 

With boundary conditions 

2 r (Q) = 1, r (-00) = - 
1 

0 
h 

h 
0 N1 N1 

- 
h '  
0 

(113) 

(1 14)  

r ( t w )  = 0, i = 2,  3,4 
Ni - 

These equations may  be solved by the s a m e  procedures  uti l ized 

i s  dependent on the o ther  boundary conditions 
f o r  the velocity field. Note, however,  that  in addition to  being dependent 
on X through f ,  
th r o ugR. 

rN3 
gN- 

(0 Phys ica l  Flow Fie ld  Evaluation 

The flow field h a s  now been determined in  the t ransformed 
Its evaluation in  the physical plane requi res  mere ly  that the plane. 

t ransformation be inverted.  
accomplished d i rec t ly  through the integration of the 

This  is relat ively s t ra ightforward and is  
y - y:: re lat ion 



But, 

The integration does not involve x:::, therefore  we may multiply 
through by - __ , yielding (r : : :m 

x*. X 
CF 

SS 0 

' which may  be integrated to obtain 

(xJ X (1 18) 
P;: 

where the density ra t io  - 
fo r  z e r o  p r e s s u r e  gradient  mixing. 

i s  identical to  the reference density ratio 

The velocity field i s  then 
M 

.L N =  1 

and the enthalpy field is  

M 

N =  1 
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Equation (119) and (120) 
description of the flow field. 

coupled with Equation (118) provide a complete 

It is  interesting to  note that throughout the analysis CY h a s  
remained a rb i t r a ry .  Thus, it appears  possible to  represent  any sma l l  
and continuous velocit 
b y  the polynomial CY = 

radient a rb i t ra r i ly  closely in the first o r d e r  
a xNs The solution given above should, 
N 

v 
z: 

N =  1 
therefore ,  approximate the mixing of compressible  s t r e a m s  under such 
conditions a rb i t r a r i l y  closely. 

(h) Diss imi la r  Gases  in a P r e s s u r e  Gradient 

It is noted that the method used in the preceding section may 
be applied direct ly  to the mixing of d i ss imi la r  gases  as  long a s  the i r  
respect ive ratio of specific hea ts ,  Y ,  
used above may be included to  account for  molecular weight and specific 
heat variations.  However, the res t r ic t ion  m u s t  be placed that the Lewis 
number is unity, otherwise the solution to  the energy equation i s  no 
longer available. 
much evidence that m a s s  and energy ( tempera ture)  appear to diffuse at  
the s a m e  ra te .  

a r e  equal. Methods s imi la r  to those 

Such res t r ic t ion  appears to be minor  in the l i gh t  of 

3 . 2  Experimental  Studies 

3.2.1 Experimental  Background 

This section covers  the description of the experimental  hardware 
and t e s t  instrumentation, the experimental  procedure and resu l t s  of the 
specific experiments.  The design of the major  hardware  comDonents 
spanned approximately 9 months of the total program. Detail hardware 
design fabrication and assembly, a s  weii a s  assembly of ma jo r  hard-  
ware ,  instrumentation and control sys tems,  spanned approximately the next 
5 months of the program. 
l iminary checkout occupied the next month and an additional 4 weeks was 
requi red  in "de bugging" instrumentation and controls,  fabricating and 
installing modifications. Per formance  of the final experiments  them- 
se lves  requi red  only about 2 weeks. 
th ree  combinations of Mach number in the cold flow,constant p r e s s u r e  
mixing case  and two combinations of Mach number in the cold flow 
positive p r e s s u r e  gradient case .  
requi red  another 2 weeks. 
sections,  although only the cold flow a i r  to a i r  data were  obtained, 

Installation of the t e s t  hardware and p re -  

Final  experiments  consisted of 

Complete reduction of the data 
A s  will be  pointed out in the following 
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complete hardware and instrumentation were as  sembled for performance 
of hydrogen mixing tes t s ,  as well  a s  high temperature  a i r  mixing 
tests.  

3.2. 2 T e s t  Hardware and Facil i ty Description 

The design, description and capabilities of hardware developed 
and used i n  performance of this p rogram were  descr ibed i n  the following 
paragraphs.  

(A) Pebble Bed Heater  and Air Supply 

This facility was not designed nor fabricated under the present  
However, i t s  capability a s  a r e  pertinent to the present  study 

It is  seen  f r o m  this d iagram that this sys t em consists 

contract. 
will be described. 
i n  Figure 1. 
of an air compressor ,  a s torage system, an air flow control sys t em 
and a regenerative gas f i r ed  hea t  exchanger. Additionally, there are 
the necessary  facility protection and safety sys t ems  together with the 
instrumentation requi red  for  the operation of this facility. 

A block d i a g r a m  of the complete sys t em is shown 

. 
The method of operation of this sys t em is as follows: 

is compressed by two ver t ical  four-staged compresso r s  whose capacity 
is  30 cubic feet  of compressed a i r  per  hour a t  3000 psi. 
air is  s tored in  a 104 cubic foot spherical  p r e s s u r e  vesse l  with a 3000 
psi  working p res su re .  The gas f i red regenerative heat exchanger,  the 
pebble bed hea ter ,  is heated by a natural  gas excess  a i r  burner  positioned 
a t  the top of the heat  exchanger. The hot gases  a r e  forced down to the 
s torage bed and exhausted to atmosphere through an 8 inch diameter  stack. 
The sys t em is designed to operate a t  a maximum stagnation temperature  
of 4500"R. The pebble bed, the active par t  of the heat exchanger consists 
in  the main of zirconium oxide spheres ,  contained i n  a cylindrical 
volum-e, 14 inches i n  diameter  and 162 inches long. The containing 
wall for  the bed i s  made f r o m  ref rac tory  and insulating brick. 
hea te r  vesse l  i s  a cylindrical shel l  of carbon s t ee l  52-1/2 inches in  
outs'ide diameter  and 16 feet 9 inches long. 
appropriate  AShE p r e s s u r e  code for  a maximum in te rna l  p r e s s u r e  of 
2100 psi  and a maximum wall temperature  of 650°F. 
heating and compression cycles a r e  completed the sys tem i s  ready to 
operate. 
f i r e d  heat exchanger and air is fed through f r o m  the s torage vesse l  via 
the air flow control sys t em to the pebble bed hea t  exchanger. 
hea t  exchanger the a i r  passes  into the tes t  section. 

the air 

The compressed 

The ent i re  

The vesse l  was designed p e r  

When both the 

A t  this stage the gas burner sys t em is sealed off f r o m  the gas 

F r o m  the 
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Since the temperature  of operation of the bed may  be as high as 
4000°F  and some operation may be car r ied  on with hazardous gases ,  
an  ultravision flame detector was used. 
sense the difference between r e a l  f lame and red hot refractory.  
actuated only by ultraviolet  radiation i n  the wave band .20 to . 26 
microns  which i s  present  in  a l l  flames. Additionally, emergency water  
cooling and e lec t r ica l  power supply sys tems a r e  available i n  the event 
of main  power failure.  
of power failure the sys t em will automatically be shut down, 

This  type of detector can 
It is 

A l l  controls a r e  designed such that i n  the event 

The air flow control sys t em for  supplying tes t  a i r  through the 
pebble bed heater  is electro-hydraulically operated. 
alternatively a 1 -inch o r  2-inch diameter  hydraulically operated 
servo-valve.  
by a four-stage proportional and differential control feed back system. 
This sys t em rece ives  valve position and flow sys t em p res su re  feed . 
back. 
flow sys t em p res su re .  
by means of a dial potentiometer. 

Air is admitted by 

The servo-valve hydraulic motor  is  controlled electr ical ly  

The la t te r  i s  compared to the existing se t  point for the desired 
The s e t  point p r e s s u r e  is  manually adjustable 

The flow control sys t em for  the second s t r e a m  extends f r o m  
ei ther  the high p r e s s u r e  sphere  in the event that the secondary is  a i r  
o r  f r o m  gas s torage bottles, i n  the event another gas  is  being used, 
.through a dome type p r e s s u r e  regulator then on to the tes t  section. 
The dome p res su re  regulator is rated a t  over 3000 psi  and delivers over 
5 lbs  per  s e c  m a s s  flow rate.  
manual p re s  su re  regula tor. 

The dome p r e s s u r e  i s  controlled by a 

In the present  s e r i e s  of tes ts  the p r i m a r y  flow was not routed 
through the furnace but came directly f r o m  the controlled servo-valves 
to the test section. 

(B) The T e s t  Section 

The test sect ion is defined a s  that unit of the sys t em in  which 
the p r imary  and secondary flows a r e  accelerated to the desired Mach 
number,  brought together and allowed to mix according to the desired 
s t reamwise  p r e s s u r e  distribution. 
schematically i n  F igure  2. 

The total tes t  section is shown 

(a) Nozzle Section 

In this section the gases  of both the p r i m a r y  and secondary 
s t r e a m  a r e  accelerated to the supersonic  Mach number desired and 
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a r e  brought together a s  two uniform s t r e a m s  a t  the exit of this section. 
The s t r e a m s  a r e  separa ted  by a central  wedge configuration of 10"  
included angle. The tip section of the wedge slowly turns the flows 
paral le l  to one another through c i rcu lar  a r c s  of approximately 38. 6 in,  
radius.  The tip section continues for  another 0. 30 inches.  
thickness of the tip a t  this point i s  . 020  inches a s  shown in figure 3. 
The main body of the wedge is fabricated f r o m  OFHC copper and has  
manifolding and flow passages provided for water  cooling. 
section is  fabricated f r o m  high temperature  inconel s teel .  

The 

The tip 

The wedge is  supported by four 3 /8  inch diameter  harden 
steel pins inser ted  two f r o m  each side through one-inch thick s tee l  a t  
the head end. 
support  the wedge a t  approximately center span. These pins are 
inser ted through one-inch thick s tee l  doors covering the nozzle section. 
Approximately four inches f r o m  the tip in  the inconel section one 
eighth inch diameter  harden s tee l  pins also extend through the doors 
and provide the final support  for  the center  wedge. 

Two one quar te r  inch diameter  harden  s tee l  pins likewise 

The center wedge has  been constructed i n  this manner  i n  
order  to provide maximum rigidity under load and temperature  and a 
high degree of thermal  isolation of the s t r e a m s  as well a s  minimum 
flow discontinuity a t  the tip where the flows join. 

The p r imary  and secondary s t r e a m s  a r e  accelerated to uniform 
Mach numbers by means of two-dimensional nozzles positioned above 
and below the center wedge. The nozzle contours were  determined by 
means of the method of charac te r i s t ic  using a computer program 
capable of accounting for  a changing ra t io  of specific heats  a s  the flow 
expands through the nozzle. 
two s teps .  First, the method of charac te r i s t ics  determines the 
necessary  contour for  expansion of the gases  to a uniform flow opposite 
tlie straight wall of the center wedge. This flow is a t  an intermediate 
Mach number below that desired a t  the exit  of the nozzle section. This 
Mach number i s  related to the final Mach number through the 5 "  turn 
required to bring the flow para l le l  to the axis of the tes t  section. 
final contour i s  constructed on the basis  of Prandt l -Meyer  wave 
cancellation with a 38. 6 inch radius turn a t  the tip of the center wedge. 
Note that this requi res  axial  (longitudinal) a s  well a s  ver t ical  alignment 
of the nozzles with the center wedge. 
on the nozzle surface in t e r sec t s  and cancels a compression wave 
gener-ated by the c i rcu lar  a r c  contour on the center  wedge. 

The nozzle contours a r e  constructed in  

The 

Thus, an expansion wave generated 

Flow exits and nozzle section f rom both the p r imary  and 
secondary s ides  through a 3 inch wide by 1.758 inch high flow channel 
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immediately af ter  leaving this section the .020 t ip  thickness i s  added 
to the total flow channel height yielding a 3. 536 inch high flow channel 
for  the two s t r e a m s  combined. 

A total  of six nozzles were fabricated,  four  low tempera ture  
nozzles and two high tempera ture  nozzles. 
f r o m  B F H C  copper and water cooling channels were  provided in all but 
one nozzle which would not be used  under any condition of elevated 
temperature .  

All  nozzles were  fabricated 

The low tempera ture  nozzles were  to  be used for  ambient 
500" and 1 0 0 0 ° F  total t empera ture  s t r eams .  
of 4, 2 .5  and 1.75 were  provided. 
fabr icated in o r d e r  that  two Mach 1.75 s t r e a m s  could be flowed 
simultaneously. 
cooling passages since it would only per form under ambient total  
t empera ture  conditions. 

Design exit Mach numbers 
Two Mach 1.75 nozzles were  

One of these nozzles was not provided with water 

Upon study of the variation of the specific heat ratio for  a i r  and 
hydrogen it was found that these cold flow nozzle contours would supply 
uniform flow for  both gases  over the tempera ture  range indicated and 
within the expected experimental  tolerances.  
t empera ture  would, however, requi re  significantly different nozzle 
contours. 
a i r  flow with this high stagnation tempera ture .  
t empera ture  nozzle contours were  then fabricated.  

A i r  flow at 2500°F total  

It was expected to investigate Mach. 4 and a Mach 1. 75 
' These two high 

The overal l  length of the nozzles a r e  20.20 inches. A 1-inch 
ledge on ei ther  end of the nozzle block is provided for  positioning. 
nozzles a r e  held in place by se t  s c rew clamps at  each end and in the 
center ,  
provide the f r a m e  for  the nozzle section. 

The 

The s e t  s c rews  a r e  threaded to top and bottom channels which 
(See F igu re  4). 

F igure  4 shows the t ransi t ion section f rom a i r  supply to the 
nozzle section a s  well a s  the mounting of the nozzles and the center  
wedge. The framework section is fabricated of high grade  s teel .  
Close tolerances machining and ground sur faces  allowed accurate  
positioning of the component. 
relative to one another,  they were match dr i l led and oversized 1 / 2  
inch harden s tee l  pins were  inser ted.  
together with 1 / 2 ,  

Once the component pa r t s  were  positioned 

The assembly was then bolted 
3 / 8  and 1 /4 inchhigh  tensi le  strength s tee l  bolts. 

(b) The Mixing Section 

The mixing section extends out from the nozzle section a distance 
of 60 inches with two 1 / 2  thick by 3-inch wide blades forming the upper 
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and lower walls of the flow channel and two l - inch  thick by 13 .9  inches 
wide by 78 inches long s tee l  plates forming the ver t ica l  walls. 
F igu re  5). 

(See 

Each  side wall contains five ports  to receive three inch diameter  
sch l ie ren  observation windows. 
flow direction) contains Eive ports  to  receive instrumentation boxes 
f o r  measurement  of p r e s s u r e  tempera ture  and gas  concentration 
profiles.  However, only three  pa i r s  of schl ieren windows and three  
instrumentation por t s  a r e  used at  any one t ime.  
a r e  closed by appropriately fitted blanks. 

The left hand side wall (facing in the 

The remaining ports  

Hangars  for  adjusting the position of the upper and lower walls 
a r e  attached to the s ide wall double nut threaded rod extend through the 
hangars  to the adjustable wall. The wall position is then determined by 
screwing the center  rod  up o r  down and locking the two nuts. The walls 
a r e  held fixed at  the nozzle exit  by bolts and pins. The flow channel 
a r e a  and, therefore ,  the s t reamwise  p r e s s u r e  gradient is controlled 
by deflection of the blades with the adjustable hangars  a t  t h ree  
locations downstream of the nozzle exit. 

The p r e s s u r e  s e a l  between the ver t ica l  and horizontal  walls is 
provided by a silicon rubber  "0" ring running the length of the hor i -  
zontal wall and mating against the ground surface (between 1 6  and 8 
micro- inches per  inch surface finish) of the ver t ica l  wall. . 

At the end of the top and bottom blades which is  60 inches f rom 
the nozzle exit, the diffuser section begins. The ver t ical  walls extend 
beyond the mixing region into the diffuser a rea .  The top and bottom 
diffuser blade a r e  butted against the blades f rom the mixing section. 
The diffuser blades stand the 18 inches f r o m  the ends of the mixing 
section blades to the end of the side wall plus an additional 24 inches. 
One inch thick s tee l  s ide walls mating to  the mixing section side walls 
a r e  provided to complete the flow channel in  the diffuser a rea .  

Flow exhausts f rom the diffuser exit  into a 30 inch ID, 40 
inch OD, 20 f t .  ta l l  safety tower which conducts the gases  up and 
away f rom the t e s t  a r e a  and building. A replaceable deflector plate 
is  provided inside the tower. To turn  the g a s e s  upward, the region 
between the 30 and 40 inch d iameter  pipes which compose the safety 
tower i s  filled with insulation. The insulation provides some sound 
attenuation but pr imar i ly  se rves  to insure  that the outer  pipes will 
not be burned through in  the event of combustion of the exhaust gases ,  
and a s  an energy absorber  medium in the event a projecti le (such a s  a 
pebble f rom the hea ter  bed o r  broken probe) should p ie rce  the deflector 
plate and the 30 inch d iameter  pipe. 
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(c)  The Schlieren Sys tem 

The schl ieren sys  tem was constructed to obtain qualitative 
information regarding the nature of the flow inside the mixing channel. 
In par t icular ,  the flow immediately a f te r  the nozzle exit  and immediately 
before each active instrumentation port. 
mounted on an I-beam f rame.  
floor by air filled rubber  tubes. 
sys t em f r o m  external  vibration such a s  pumps and compressors  
operating i n  other pa r t s  of the building. The optical sys t em was 
composed of (1) a light source  furnished with a type 110, 21. 8 volts 
4.5 a m p  lamp,  (2 )  a condensing lens  of approximately 6 inch focal 
length, (3) two 12-inch spher ica l  m i r r o r s  of approximately 12 foot 
focal length, (4) s ix  1 / 4  wave lengths optical f la t  m i r r o r s ,  (5)  a 
mic romete r  adjusted knife edge, (6 )  a translucent viewing s c r e e n  and 
Polaroid camera .  

The schl ieren sys  tem was 
The frame was floated over the t e s t  bay 

The flotation served  to isolate the 

The sys t em was s e t  up a s  shown in Figure 6. The light 
source  and condensing lens ,  one 12-inch m i r r o r  and three of the 
optical f la t  m i r r o r s  were  s e t  up on one side of the tes t  section. The 
three remaining optical f la ts  were  s e t  up directly ac ross  the viewing 
ports.  

Light i s  emitted f r o m  the l igh t  source and focused on an 
aper ture  by means of the condensing lens.  
a t  the focal links of the 12-inch d iameter  m i r r o r .  
a n  approximation to a point source.  
s t r ikes  the m i r r o r  and is  reflected as a beam of para l le l  light. 
paral le l  light is then intercepted by the optical f lat  and directed 
through the sch l ie ren  port  a c r o s s  the flow channel and then s t r ikes  
the optical f lat  m i r r o r  on the opposite side. 
light to the second spherical  m i r r o r  which then focuses the para l le l  
light a t  i t s  focal point. 
point. All three beams coming through the flow channel f r o m  each of 
the three optical f lat  a r e  focused i n  a horizontal  l ine enabling the use 
of a single knife edge to obtain the sch l ie ren  effect. 
point the beams again expand and a r e  projected on the translucent 
s c reen  where the schl ieren image of the flow field i n  the tes t  section 
may be observed and photographed. 

The aper ture  is  placed 
Thus, represent ing 

Light continuing f r o m  the aper ture  
This 

This  m i r r o r  d i rec ts  the 

The schl ieren knife edge is  located at this 

F r o m  the focal 

(d )  P r e s s u r e  - Velocity P robe  System 

Instrumentation is  broken into tw-o pa r t s ,  the f i r s t  that 
necessary  for  control of the flow which was described i n  section 3 .  2. 2A 
and that which gives the indication that required operating conditions 
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have been obtained. 
s t r e a m  to supply information for description of the local flow f ie ld .  

The second consis ts  of probes injected into the 

The f i r s t  group consists pr imar i ly  of p r e s s u r e  measurement ,  
The flow the flow control p r e s s u r e s  a r e  described i n  section 3 .  2.2. 

condition p r e s s u r e  consists of s ta t ic  taps located opposite each  
instrumentation port. 
station, 
The remaining four a r e  placed a t  . 55 and 1 . 0  inches above and below the 
centerline tap. 
blades. These taps a r e  located 1 / 2  inch ei ther  side of the geometr ic  
center of the blade. 
the noxzle exit. There  were located on e i ther  side of the tes t  section 
a t  the geometr ic  centers  of the top p r i m a r y  and bottom secondary flow 
channel. These s ta t ic  p r e s s u r e  taps were  connected to an assembly of 
40 mercu ry  manometers  since all s ta t ic  p r e s s u r e s  to be measured  were  
sub-atmospheric,  the monome te r  board was of the cornmonwell variety.  
The data were  recorded by a s e r i e s  of photographs taken during the run 
i n  which the manometer  deflection as well as the level of the well were  
.visible. 
graphs. 

There  a r e  five side wall s ta t ic  taps a t  each 
One tap i s  located on the geometr ic  center of the side wall. 

There  a r e  two s ta t ic  taps on each of the bottom and top 

Four  additional s ta t ic  p r e s s u r e  taps were  added a t  

Other control p r e s s u r e s  were  a l so  recorded by these photo- 

In o r d e r  to determine the local  flow proper t ies  i n  the mixing 
region, the sys tem was designed to inject  p r e s s u r e ,  temperature  and 
gas sample probes into the flow s t r e a m  a t  three separate  locations o r  
stations along the flow channel link. Briefly, the sys tem consisted 
of a gas sampling r ig  (Figure 7 )  which formed pa r t  of the flow channel 
side when the probe was withdrawn. A shielded stagnation temperature  
and impact  p re s su re  probe which t r ave r se  flow field on a common arm.  

The p r e s s u r e  probe is a s imple .040 OD, . 028 ID s ta inless  
s tee l  tube projecting .250 inches i n  front of the tapered t r ave r se  arm. 
The tube extends through the s tee l  body of the t r ave r se  arm, makes 
a 9 0 "  bend and extends on out of the sealed instrumentation box to be 
connected to the p r e s s u r e  t ransducer .  The p r e s s u r e  t ransducer ,  
Model No. PA769TC-200-350, is an  absolute p r e s s u r e  gage of the s t r a in  
gage type with temperature  compensated elements  i n  the in te rva l  of 
-65 to +250"F. The p r e s s u r e  range for  these gases  is f r o m  0 - 150 
psia. 

The total temperature  probe was of in-house manufacture and 
Its components a r e  the thermocouple e lement  which is  s tee l  design. 

encased and insulated and contains a chrome1 alumel  thermocouple 
junction for  temperature  not exceeding a 1 0 0 0 ° F  and a platinum 
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rhodium junction for  temperatures  above that range. 
component is the shield (See F igure  8). The shield has a .  040 inch 
diameter  opening with two vent ports  of .020  inch diameter  located 
jus t  aft of the thermocouple junction. 

The second 

In o rde r  to obtain the local  flow field description, the p re s su re  
and temperature  t r ave r se  measurements  were  akcompanied by a 
t r ave r se  position measurement .  
by the linkage of a l inear  potentiometer with a total res is tance of 10,  000 
ohms and a l inear  t rave l  of . 44  inches. 

This measurement  was accomplished 

( c >  Gas Sampling System 

The gas sample rake  i s  made up o f .  020 inch OD stainless  

Seven tubes a r e  
s tee l  tubes mounted i n  a s ta inless  s tee l  wedge as shown in  Figure 9. 
The spacing of the probes i s  nominally 0 . 1  inch. 
selected a t  each station and connected to the sampling sys tem shown i n  
Figure 10. 
unwanted fluid t ransfer  into or  out of the tunnel. 
collection sys t em shown i n  Figure 10 consists of a collector box sealed 
off by a surg ica l  rubber  membrane.  
pierced by two hypodermic needles. 
probe i tself ,  the other to a vacuum pump. 
into the s t r eam,  the dynamic p r e s s u r e  of the flowing gases  a s  well 
as the suction of the vacuum pump tend to purge the collector chamber. 
The collector chamber is partitioned such that the ent i re  voluime will 
be swept during this purge cycle. Immediately on injection of the 
sample rake  into the flow stream, the p r e s s u r e  and temperature  
t r ave r se  is begun. When this t r ave r se  is  completed, the solenoid 
valve is actuated which withdraws the hypodermic needles f r o m  the 
membrane  in  the sample collector. 
gases  trapped i n  the collector chamber a t  this t ime (probe injection 
to completion of p r e s s u r e  temperature  sweep spans approximately 15 
seconds). Seven such samples  a r e  obtained at each  measurement  
station, allowing a construction of the gas composition profile a c r o s s  
the mixing region a s  well  as  longitudinally. 

The remaining tubes a r e  then blocked off to prevent 
The gas sample 

Each collector chamber is  
One needle l e a d s  to the sample 

When the rake  is  injected 

The sample  then consists of 

The injection of the probes i s  sequenced such that minimum 
disturbance to the flow in  the channel is obtained. 
temperature  conditions, water  cooling i s  required for the probes 
when they a r e  injected into the flow s t r eam.  
coordinated to a l so  sat isfy the minimum d i s  turbsnce c r i te r ia .  After 
flow conditions have been established, the aft m o s t  probe i s  injected 
into the stream., Cooling water  is  circulated through the gas sample 

Under high 

This  cooling must  be 
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F r o m  P r o b e  i r To Vacuum P u m p  

Hypo der  m i  c 
Needles 

Sample Box Holder 

F igure  9.  G a s  Sample Collection System 
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r ake  and is  injected into the t ravers ing probe. 
the t ravers ing probe passes  out through a 1 / 8  inch copper tube and is  
sprayed onto the back of the probe through a s e r i e s  o f .  040 diameter  
holes dr i l led in  the tube. 
probe is withdrawn and the probe ju s t  ahead of i t  is inser ted.  
Residual water f r o m  the probe cooling sys t em will not dis tyrb 
measurements  at this forward station and i f  the probe should, through 
some malfunction, r ema in  i n  the s t r eam,  the forward measurements  
would not be disturbed providing the tunnel did. not unstar t  due to 
choking. 
probe . 

Cooling water  f r o m  

Upon completion of this t raverse ,  the 

This sequence is  then repeated for  the third and forward  mos t  

(f)  Gas Analysis Sys tem 

The analysis of gas samples  obtained f r o m  the tes t  section 
is accomplished with the gas chromatograph. The chromatograph 
unit employed is  Model 9 0 - P 3  employing a 20 inch s i l ica  gel column 
and a 6 foot, 5X molecular  sieve column in  s e r i e s .  The c a r r i e r  gas 
employed was argon r a the r  than the usual helium. 
output was recorded on a 6 inch s t r i p  char t  r eco rde r  with a d i sc  integrator  
at tachme nt. 

The chormatograph 

The gas sample was inser ted  into the chromatograph by 
means  of a gas sampling valve which injects a . 25 mil l i l i ter  sample 
into the columns. The volume of each tes t  sample obtained f r o m  the 
gas sample probes i n  the tes t  section i s  approximately 7 mil l i l i ters .  

Each  tes t  sample is  normalized to a tmoshper ic  p r e s s u r e  with 
argon c a r r i e r  gas using a U-tube water  manometer  and a 50 mil l i l i ter  
gas burette. The amount of argon necessary  to normalize the sample 
is  determined by means  of the burette and U-tube. 
with the knowledge of the volume of the sample,  enables the sample 
dilution to be determined. 
using prepared samples  with hydrogen to air rat ios  f r o m  9: l  to 1:9 
with argon to sample rat ios  f r o m  1: 1 to 20: 1. 
response of the instrument  was m o r e  l inear  in  the range of the m o r e  
highly diluted sample.  
accurate  resu l t s  could be obtained using very  dilute samples .  
However, preparat ion of these samples  in  such l a rge  number as would 
be requi red  would be m o r e  laborious than using the calibration curves 
with respec t  to dilution. 
measurements  i s  i n  the neighborhood of t 5 percent.  Gas composition 
measurements  obtained by this method is-well within that accuracy. 

This ,  together 

The chromatograph output was calibrated 

In general ,  the 

Instrument sensit ivity is  such that m o r e  

The accuracy of the overal l  experimental  
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With the columns a t  approximately 150 degrees  Centigrade 
and carrier gas flow r a t e  a t  approximately 160 mi l l i l i t e rs  per  minute, 
the sample pas ses  through the columns and the analysis  is  completed 
i n  approximately 2 minutes. 
schematically i n  F igure  11. 

The gas sample sys t em is shown 

3.2. 3 Experimental  P r o g r a m  

This  section is devoted to describing the conduct of the 
experimental  p rogram,  observations during the check out runs 
leading to the final t e s t  procedure,  a s  well as the tes t  procedure 
i t  self. 

A. Experimental  Obje ctive s 

The experimental  p rog ram was s e t  up to obtain quantitative 
measurements  of impact,  p r e s s u r e ,  concentration and temperature  
distributions i n  the region between two uniform para l le l  two-dimensional 
supersonic  s t r e a m s  with constant c r o s s  sectional s ta t ic  pressure .  
Streamwise p r e s s u r e  gradients i n  the f o r m  of simple polynomials: 

ax t b 
d x  C 

where a, b and c are small constant numbers  and x i s  the distance 
i n  the s t reamwise  direction - were to be investigated. Mixing of a i r  
and hydrogen s t r e a m s  with stagnation temperature  ra t ios  of 2: 1 and 
1 : l  were to be inveqtigated as well as mixing of two a i r  s t r e a m s  with 
stagnation temperature  ra t ios  up to 6: 1. 
nozzles with nominal design mach numbers  of 1 .7 ,  2. 5 and 4.0 were to be 
combined i n  such a manner  that velocity ra t ios  o f .  18 to . 53  are 
obtained in  the hydrogen a i r  mixing and velocity ra t ios  of .36 to . 83  
are obtained i n  the air to air mixing. 

Six contoured two dimensional 

Due to funding l imitations all objectives of the experimental  
p rog ram were  not accomplished. 
encompassed. isoenerget ic  mixing of the air s t r e a m s  over the designated 
Mach number range with 0 p r e s s u r e  gradient and specific investigations 
of constant and l inear ly  varying s t reamwise  p r e s s u r e  gradients. 

The experimental  resu l t s  

B. T e s t  Section and Instrumentation Checkout 

During the checkout phase of the experimental  p rogram,  the 
aerodynamic and mechanical charac te r i s t ics  of the tes t  section and 
the instrumentation probes were  determined. In the init ial  series of 
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t e s t s  nominal Mach 1 . 7  nozzles were  installed i n  both the p r imary  
and secondary stream-s. Boundary layer  growth was found to be 
significantly g rea t e r  than indicated by theore t ical  predictions. Total 
p r e s s u r e s  of 60 psia  and wall divergents of . 350  of an inch were  
insufficient to obtain a uniform p r e s s u r e  along the lengths of the tes t  
section. 
s t r eam,  uniform p r e s s u r e s  were  obtained with the wall deflection 
moderately uniform. 
of p r e s s u r e  for all Mach numbers  combinations i n  the i sobar ic  
mixing investigations. 
wide open setting for  all tes t  conditions, 
psi  absolute for a Mach 2. 5 stream mixing with the Mach 1 .7  s t r e a m  
and a 350 psia  total p r e s s u r e  for  a Mach 4 s t r e a m  mixing with a Mach 
1.7 s t r e a m  were  found to give sufficiently small boundary layer  growths 
and sufficiently long run  durations to obtain sat isfactory measurements  
i n  the mixing region. 

However, a f te r  install ing a Mach 2.5 nozzle i n  the secondary 

This configuration resu l ted  i n  adequate uniformity 

The diffuser was maintained at: essentially 
A total p r e s s u r e  of 100 

During these init ial  checkout runs i t  was found that the ae ro -  
dynamic forces  were  sufficient to cause the p r e s s u r e  and temperature  
t r ave r se  probes to oscil late as they swept a c r o s s  the s t ream. The 
phenumatic drive sys t em for  the t r ave r se  probe was then converted 
to a hydraulic drive which gave a positive displacement to the t r ave r se  
actuator and eliminated the probe oscillation. Frequent  purging of the 
hydraulic l ines was necessa ry  to maintain the l ines  c lear  of air and 
maintain their positive displacement nature. Adjustable two-way 
flow r e s t r i c t o r s  were installed a t  each  t r ave r se  probe actuator to 
obtain the des i red  r a t e  of t r ave r se  (approximately 10  seconds) and a 
fast r a t e  r e tu rn  ( less  than 1 second). 

After the tes t  section aerodynamics were  character ized to 
the extent that uniform constant p r e s s u r e  flow was obtained i t  was 
noted that the s ta t ic  to impact  p r e s s u r e  and s t a t i c  to total p r e s s u r e  
measurements  d i d  not yield the s a m e  f ree  s t r e a m  mach numbers.  
Measurements  in  the high Mach number flows indicated a definite 
interference of the gas  sampling rake with the total temperature 
impact  p r e s s u r e  probe. 
emanate f rom the tip of the gas sample probes a t  an angle grea te r  
than 7 0 " .  A flow 
deflection of this magnitude a t  the lowest Mach number measured ,  
approximately 1.65,would correspond to a 6 0 °  shock wave angle. 
Since ca re  had a l so  been taken i n  the design of the probes to avoid 
overal l  blockage of the test  section i t  was concluded that there 
was a local  flow blackage causing the shocks and the gas sample rake and 
the p r e s s u r e  temperature  t r ave r se  probe to merge  into a detached 

Such interference r equ i r e s  that a shock wave 

The wedge angle of the gas  sample r ake  is 15". 
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bow shock. 
the air mixing investigation they were removed f r o m  the instrumentation 
box. 
adverse  effects caused by the cavity i n  the side wall where the gas 
sample r a t e s  were  removed. The tes t  section s ta t ic  p re s su re  remained 
constant and uniform. 
number as determined by the impact  and by the total p r e s s u r e  measu re -  
ment  was greatly improved. 

Since the gas sample probes were  not necessary  fo r  

Static p r e s s u r e  readings along the tes t  section indicated no 

Agreement between the f r ee  s t r e a m  Mach 

Uniformity of flow existing f r o m  the nozzle was investigated. 
Static p re s su re  measurements  a t  1 /4  inch intervals  were  taken a t  a 
distance 1 inch f r o m  the nozzle exit. These measurements  indicated 
no more  than a 5 pe r  cent variation minimum to maximum of Mach 
number ac ross  the lowest Mach number nozzle. This variation includes 
the l ip shock emanating f rom the . 020 inch tip of the central  divider. 
Schlieren records  of the flow a t  the exit section indicate some flow 
nonuniformities but showed the l ip shock to be by far the strongest.  
typical example is  shown i n  Figure 12. 

A 

3. 2.4 Experimental  Data and Results 

F ina l  experimental  resu l t s  were  obtained for isoenerget ic  air 
to air mixing for  0, constant positive, and l inear ly  increasing s t r e a m -  
wise p re s su re  gradients. Data were  obtained for three combinations of 
p r imary  and secondary s t r e a m  Mach numbers  under 0 s t reamwise  
p r e s s u r e  gradient conditions and a single combination of Mach numbers  
for each of the p r e s s u r e  gradient types. 

Data f r o m  the experiments  presented in three forms.  The f i r s t  
is  the par t icular  velocity profile obtained by impact  p r e s s u r e  surveys 
and local  s ta t ic  p r e s s u r e  measurements .  
a r e  presented for  each run  condition corresponding to measurements  
obtained a t  3 axial stations along the mixing duct. The other fo rms  i n  
which the data a r e  presented a r e  derived f r o m  these velocity profiles. 
The second f o r m  is the effective spread  pa rame te r  which is  given by the 
divergence of the 10% and 9 0 %  velocity defect points in  the mixing 
zone. 
maximum slope - of the velocity profile a t  a given station. 
the fo rmer ,  C y  and the l a t t e r ,  C(O), a r e  very  near ly  equal for  the 
present  experimental  data. 

Three  velocity profiles 

The third i s  closely related,  but is  determined f r o m  the 
It i s  found that 

The reduce data a r e  tabulated i n  Appendix B. Velocity profile 
data appear  in  Tables B1. Spreading, r a t e s ,  @/Coy and C ( 0 ) / C o  a r e  
given in  Table B2. 

- 
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Figure 12. Typical Schlieren Picture  from Run at 
M1 = 1.75 and M2 = 2. 50. P ic tures  taken 

a t  window stations 0, 12 and 24" from 
Nozzle Exit. 
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The first f o r m  for  the data allow an  inspection of the detail  
of the mixing process-while  the second and third provides a means for  
comparing mixing zone spread r a t e s  under a wide variety of boundary 
conditions. 

A. Velocity Prof i le  Data 

Velocity profiles were  obtained f r o m  m e a n  s ta t ic  p r e s s u r e  
measurements  and impact  p r e s s u r e  measurements  a t  each of three 
stations. The sensit ivity of this technique appears  to be affirmed by 
agreement  with Mach number measurements  i n  the free s t r e a m ,  as 
determined f r o m  s ta t ic  to total p r e s s u r e  measurements  (within - t270). 
Displacement of the velocity point due to the velocity gradient ac ross  
the probe is  deemed to be minor  since the opening on the pitot probe 
is l e s s  than . 030 inches.  
position measurement .  
position was not obtainable f r o m  the position measurements  apparatus.  
as i t  exists.  

This is  well  within the accuracy of the 
Par t icu lar ly  since an accurate  re ference  

In general  the velocity profiles obtained demonstrate the 
‘character is t ics  expected of flow configurations of this type. 
the appearance of boundary layer  effects f r o m  the central  divider 
was noted par t icular ly  i n  the low Mach number s t ream.  

* l aye r s  were  much thicker than design calculations had indicated. 
effects manifested themselves a s  a dip i n  velocity below that of the 
lower speed s t r e a m  i n  measurements  taken nea r  the divider tip. 
This strong effect washed out very  rapidly and was never  detected a t  
the second measurement  location which was approximately 18 inches 
f r o m  the divider tip. 
however, by the appearance of a ripple i n  the velocity profile at  the 
outer edges of the mixing zone. That  i s ,  the velocity at the edge of 
the mixing zone would appear  to have leveled off a t  a constant value 
but would then make a final adjustment to the o rde r  of 1% to the f ree  
s t r e a m  velocity. 
l e s s e r  degree of simili tude in  the velocity profile than reported by 
some investigators.  

However, 

These  boundary 
These 

The effects were  detectable far downstream, 

The effects fur ther  manifested themselves i n  a 

The boundary l aye r s  on the upper and lower walls were  
detectable in  some of the pitot t r ave r ses ,  however,  their  effects on 
the mixing region a r e  nil. Since there  was ample undisturbed f ree  
s t r e a m  flow (a minimum of . 3 inches)  between the wall boundary layer  
and the edge of the mixing zone i n  a l l  the final runs.  
the effects of the boundary l aye r s  we may neglect the wall boundary 
layer  effects. 
however, a r e  definitely noticeable when this boundary layer  i s  l a rge ,  

To  sumrnarize 

The effects of the boundary layer  on the central  divider 
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as in the case  of the low Mach number flow. 
was experienced i n  the lower total p r e s s u r e  in  o r d e r  to s tay within the 
m a s s  flow limitations of the facility). 
effects, the mos t  apparent is an insulating effect which tends to 
decrease  local  velocity differences and, therefore , slow the mixing 
process  i n  the init ial  region. The second effect is  compensatory to 
the first,  that i s ,  the vorticity generated i n  the initial boundary layer  
may  be significantly grea te r  than that which would be generated by the 
velocity differences of the two s t r eams .  
the init ial  mixing r a t e s  would be enhanced. 
opposing effects will, therefore ,  shift depending upon the init ial  
condition. F o r  example,  i f  the init ial  boundary l aye r s  were turbulent 
and the velocities of the two s t r e a m s  were very near ly  equal, we would 
expect the la t te r  effects to dominate and the mixing i n  the init ial  region 
to be enhanced. 
laminar  and the velocity difference between the s t r e a m s  was l a rge  we 
would expect the insulating effect to dominate and the init ial  mixing 

(A thicker boundary layer  

This init ial  boundary layer  has  two 

If this were  the case then 
The balance between these 

If on the other hand, the init ial  boundary layer  were 

ra te  would be lower than with the boundary layer  absence. 

B. The Spreading-Rate of the Mixing Zone 

The full spreading rate  of the mixing zone is difficult to evaluate 
accurately.  
the mixing zone. 
spreading of the 10% and 90% velocity defect points and define that 
as the spreading ra te ,  

Since i t  is  difficult to es tabl ish the exact boundaries of 
One method commonly used i s  to determine the 

b. 9 '  - - 
- 2 

u - u  
2 

u - u  - 
b.9 = Y (u  - u  = . 9 )  - Y  (u  - u  - * 1 ) = Y . 9  - Y * 1  

1 2  1 2  

Accordingly, this procedure was followed in  reducing the 
present  data. 

The spreading r a t e s ,  b e 9  for  the zero p r e s s u r e  gradient 
conditions a r e  shown i n  Figure 13a and those for  the p r e s s u r e  gradient 
flows in Figure 13b. 
variations a s  the ze ro  p re s su re  gradient theory would predict .  
is a manifestation of the init ial  boundary layers .  

We note that none a r e  par t icular ly  s t ra ight  line 
This 

C. The J e t  Spread P a r a m e t e r s  

Since €he j e t  spread  pa rame te r  var ies  ac ross  the mixing zone, 
i t  is  necessary  to pick a significant point to examine for  comparative 
purposes.  
r e f e r r ed  to, 8 and ,C (0) ,  the effective spread  parameter  and the 

Two charac te r i s t ic  je t  spread  pa rame te r s  have been 
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spread  pa rame te r  evaluated a t  the point of maximum velocity gradient, 
r e  s pe c tive ly . 

The effective spread pa rame te r ,  8 ,  is  found experimentally 
f r o m  the spreading r a t e ,  b descr ibed above, 

.9  

= ri - 7 7  . 9  9 - y. 1) 
a b  

X X . 9  . 1  

c z - . 9 ,  q . 9  - . 9 , q  . 1  
It is found that for  the e r r o r  function profile, 
therefor e : 

B 1. 8 x 
u -  11.0 b 

- -  
I 

0 . 9  

where: G = 11.0 = the spread pa rame te r  for  incompressible  flow 
0 with x = 0 

The spread  pa rame te r  ra t io  f o r  the rev ised  energy  equation m a y  be 
determined analytically to be: 

11- 
- . &  

2 ( 
p1 2(1  - c,  ) 

Another likely candidate would be the point: of maximum slope 
of the velocity profile,  which is  normally the average velocity point 
i n  the mixiiig region. 

In the s imple case of the e r r o r  function velocity profile, this 
\ 

may be evaluated as follows: 

and noting 'that 
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Thus we evaluate the velocity gradient with respect  to y / x  a t  
q = a = o  

X 

We may divide this expression by 0- (= 11.0) .  The incompress-  
0. ible je t  spread  pa rame te r ,  and r ea r r ange  to yield: 

The right hand side of this expression may  be determined by 
graphical differentiation of the measured  velocity profile and by the 
measured  velocity ratio.  

The spread  pa rame te r  ra t io  may be determined analytically 
f r o m  the definition of r, and the relation derived i n  section 3.  1 .7  for 

@ O Y  
X 

lim n lim n 

X 1 t  1 

Which becomes: 

The two charac te r i s t ic  spread pa rame te r s  for the present  
investigation a r e  shown i n  Table B2 for  the different cases ,  
that the difference between the two is slight. 
predict  the je t  spreading ra tes  we will u s e  the effective sp read -pa rame te r  
d f o r  our  comparisons.  

It is  found 
Yielding to the des i r e  to 

Table I lists the a-+-czilable data fo r  3 f r o m  
various investigators.  % 
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Table I 

Summary  of Experimental  Values of J e t  
Spread P a r a m e t e r  . 

Crocco No. Velocity Ratio Tempera ture  P a r a m e t e r  Reference Data 
2 x Ratio Ratio Set 

T/cT 
0 c1 P 

0 0 1 .0  1.0 19 
0.111 . 5  .882 3.1 20 

0.284 

0.430 

0.152 

0.127 

0.338 

0 

0 

0 

0 

0.496 

0.69 

0. 69 

0.695 

0.528 

*o. 735 

*O. 698 

$0- 686 

0 

0 

0 

0 

0 

.36  

. 4 6  

. 6 1  

.66  

0 

0.86 

0. 71 

0.72 

0. 82 

*O. 825 

::O. 836 

*O. 838 

952 

930 

.935 

.935  

1.014 

1.0 

1 .0  

1.0 

1 .0  

1.0 

1 .0  

1.0 

1.0 

1 .0  

1.0 

1.0 

1.0 

1.48 

1.42 

1.20 

1.06 

1.40 

2. 58 

3. 91 

4.05 

4. 76 

1 .94  

7.7 

5.1 

5.3 

4 .5  

2.7 

6.2 

7 .4  

t o .  516 t o .  773 1.0 4.9 

$0.487 to. 837 1.0 5 .4  

d 
$Local values f o r  _E = t 0 . 0 6 7  psi / inch 

dX 

21 a 

b 

C 

d 

22 

23 a 

b 

C 

d 

24 

P r e s e n t  a 

b I I  

C I I  

d 

e 

f 

I I  

I I  

I I  

€5 

h 

i 

I f  

1 1  

1 1  

t L o c a l  values fo r  * = $0.03 t 0 . 0 8 2 5 ~  psi j inch 
dx  
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Turning again to the details of table B2, we note the spread 
pa rame te r  a t  the forward stations i s  somewhat different than at the 
la t te r  stations. 
to be somewhat different f r o m  the spread parameter  a t  the la t te r  stations. 
Such can a l so  be noted f r o m  the spread rate  data  i n  Figure 13. 
par t icular ly  pronounced i n  the low Mach number runs and tends to 
substantiate the boundary layer  effects discussed ea r l i e r .  
a s sume  the spread pa rame te r  approaches the value which would exist 
i n  the absence of the initial boundary layer  effects and we may fur ther  
assume the lack of s imi la r i ty  i n  the velocity profile to be due to these 
init ial  boundary layer  effects. 
spread pa rame te r s  to be those for the mixing of ideal  uniform s t r e a m s .  
Agreement between these data and predictions for  such uniform s t r e a m s  
will be discussed in the following sections.  

The spread  pa rame te r  a t  the forward stations appears  

This i s  

If we 

We may  consider the l imi t  values of 

3 . 3  Comparison of Data with Theory 

A reference density has  been determined which reasonably 
cor re la tes  the mixing data obtained where seve re ,  init_ial boundary 

--E-.- appear layer  effects were  not present .  The correlat ions of 
to be va l id  for the compressible  flow d a t a  of other  investigators in  the 
low velocity ra t io  range and f o r  the present  data in  the high velocity 
ra t io  range. 
for compressible  flows i n  the high velocity ra t io  range. The incom- 
press ib le  flow data of Sabin(23) throughout the velocity ra t io  range 
(high and low) is  well correlated by the present  expressions,  since his 
excellent correlat ions of these data were used as the incompressible  
basis for  the analysis i n  the compressible  regime.  

GO 

The la t te r  being the only known measurements  of this s o r t  

Data were  obtained for  two cases of mixing with a positive 
s t reamwise p re s su re  gradient,  and the analytical development completed. 
It was not possible, under the present  contract ,  to a s s e s s  the agreement  
between the d a t a  and theory, since funds for  developing the computer 
p rogram and making the necessa ry  calculations were  not available. 
However, the theory uses  the zero  p re s su re  gradient solution a s  a 
basis and the reference density for  this solution is  apparently identical  
to that fo r  the base solution. The experimental  values for the spread  
parameter  in  these mild p re s su re  gradient a r e  not markedly different 
f r o m  the similar z e r o  p r e s s u r e  gradient flows. These two facts  lead 
us  to believe the agreement  for this m o r e  genera l  situation will be 
essent ia l ly  as  good a s  for  the case of i sobar ic  mixing. 
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3.3.1 Comparison of Zero P r e s s u r e  Gradient Data and Theory 

The p r imary  purpose of this combined analytical and experimental  
study of compressible  turbulent mixing was to seek  an evaluation of the 
reference density (a r i s ing  i n  the analytical t rea tment )  which will 
satisfy the requirements  of the analysis and produce a correlat ion of 
mixing data. Such a correlat ion would allow the prediction of spread  
r a t e s ,  through an appropriately defined sp read  pa rame te r ,  and a 
prediction of velocity profile data,  given the boundary conditions for the 
flow: 

' 

2 
11) P r i m a r y  Crocco number,  
( 2 )  Total  enthalpy, 
( 3 )  Velocity ra t io ,  X 
(4 1 

*1 

Total  enthalpy rat io ,  p 

An empir ica l  representat ion of such a reference density has  
been obtained using these data and that of other investigators.  This 
reference density i s  applicable except a t  values of the product X 
very near  unity. 

2 2  
c1 

The general  agreement  between the theory and data i s  a s ses sed  
in  two ways. 
was formulated,  i s  evaluated on the basis of the predicted effective 
spread parameter  based on spreading ra te  and that obtained experi-  
mentally. 
velocity profiles. 

The f i r s t ,  and the method by which the reference density 

The second is a comparison of the predicted and measured  

Substantial agreement  was obtained except where significant 
init ial  boundary layer  effects were  present.  These effects were  
significant pr imar i ly  in  the low Mach number cases ,  due to the low 
total  p r e s s u r e s  required under these conditions. 
3 .  2. 4A the efiects of the initial boundary layer  appeared to be a function of 
the relative vorticity created by the gas.  interface versus  that produced 
by the gas-wall interface.  A simple Reynolds number correlat ion of 
those effects does not appear possible. 
the initial boundary layer  appeared to isolate the s t r e a m s  and r e t a rd  
mixing while in  o thers ,  mixing was enhanced, The par t icular  behavior 
i s  qualitatively predictable upon weighing the thickness of the init ial  
boundary layer  and the relative vorticity due to the gas-solid and gas-  
gas interface.  

As  mentioned in section 

That is ,  i n  some instances 

It was,  therefore ,  necessa ry  to consider the asymptotic values 
of the spreading ra te  in assess ing  the correlation. 
proceeds downstream, the effects of the init ial  conditions will diminish 

That is, as  the mixing 
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and the pure gas-gas  mixing mechanisms will  dominate. Thus,  the 
spreading ra te  f a r  f r o m  the initial boundary layer  should approach that 
for mixing in  absence of an initial boundary layer .  
assumption, a correlat ion of the je t  spread pa rame te r  for  all  available 
data was made. 

Based on this 

The relation (121) may be compared to the experimental  value 
when the appropriate relation for 2 P is substituted. 

P 
1 Conversely, this comparison will allow the reference density 

to be evaluated. 
investigators resulted in  the following formulation for  the reference 
density. 

Correlat ion of the present  data and those of other 

p1 

That is ,  r e fe r r ing  to 

This relation 
equation. 

1 
2 equations 37, A = -, B = 1, D = -2 ,  and E = .64. 

is used in  conjunction with the revised energy 

A re ference  density evaluated with the laminar  f o r m  of the energy 
equation was considered to be inappropriate for  the present  turbulent mixing 
study and was not totally evaluated. It was found that considerable 
modification to the reference formula would be necessary  to obtain 
agreement  with a l a rge  pa r t  of the data. 
the reference s ta te  was a physical s ta te  somewhere within the mixing 
layer .  As such, cer ta in  res t r ic t ions  a r e  placed upon the experimentally 
evaluated constants in  the reference s ta te  equation for values of the 
pa rame te r s  CI2 ,  X , and p of in te res t .  A cur so ry  examination of 
the equation constants necessa ry  to provide reasonable correlat ion of 
the data available with the laminar  relation, revealed that the parameter  
values for which the r e f e r e n c e  s ta te  would correspond to a physical 
s ta te  within the mixing region was unduly restr ic t ive.  Indeed, that 
problem is not altogether absent f r o m  the above relation, but these 
res t r ic t ions  per ta in  only for values of C12 and 

It has  a l so  been assumed that 

X very near  1. 

with this formulation is The correlat ion of the data f o r  - @ 
0- 

0 shown in  F igure  14. 

Velocity profiles for  four cases  are shown in  F igures  15  through 
18 and as determined with the proposed re ference  density and a s  measured 
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a t  each  of three stations for each case.  
effects are, of course,  not reflected i n  the theoretical  curves.  However, 
the general  asymptotic spread  ra te  of the mixing zones is fair ly  
represented for the available data. 

The init ial  bonndary layer  

3 .  3 .  2 Streamwise P r e s s u r e  Gradient Cornpapison 

Two se t s  of experimental  velocity profiles have been obtained 

These data  may  be compared to the theoretical  relations of 
for mixing with positive s t reamwise  p r e s s u r e  gradients (see Figure 19  
and 20) .  
section 3.1. 8 i n  the s a m e  manner  a s  were the corresponding relations 
for the i sobar ic  mixing investigation. However, these correlat ions will 
be a function of the s t reamwise  coordinate, x. 

The comparison of a theoretical  and experimental  j e t  spread 
parameter  a s  a figure of m e r i t  for the mixing rate i s  quite s imi la r  to 
the i sobar ic  case. 
same manner  a s  the i soba r i c  case  with the boundary conditions replaced 
by local  boundary conditions. 

The experimental  value i s  determined locally in  the 

U 
A- 

0- (0 ,  x) 
0- 

0 

1 

X -  
max. 

The theoretical  value i s  obtained f r o m  equation (107) of section 
3 .  1 .  8. 

1 

e> p:; 

p 1  
Where -p m a y  be chosen to be  equal to - for  the i soba r i c  case ,  
with p 'dqual to the init ial  density of the p r i m a r y  s t ream.  
p r e s s u r e  ra t io  
t e r m s  a r e  as defined in  section 3. 1. 8. 

The 01 i s  the ra t io  of local  to init ial  p r e s s u r e  and the other 
Po 
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Actual comparison of r e su l t s  in  t e r m s  of velocity profiles were  
not possible under the present  funding due to the necessi ty  for  additional 
computer programming. However, general  agreement  appears  to be 
good since variations in spreading ra te  f r o m  s imi la r  i soba r i c  mixing 
measurements  a r e  small .  

The mitigating effects of the initial boundary layer  off the central  
flow divider a r e  somewhat difficult to a s s e s s  quantitatively, since both 
introduce an  element  of longitudinal variation of the parameters .  

performed a r e  par t icular ly  susceptible to the boundary layer  dis-  
turbance since they tend to thicken the boundary layers .  

The 
* positive p r e s s u r e  gradient conditions for which the experiments  were  

I 

3.4 Conclusions and Re comrnenda tions 

The program,  completed to i t s  p resent  stage,  has five major  
accomplishments which should contribute significantly to the study and 
analysis of turbulent f r e e  shear  layers .  

1. A re ference  density for  the f i r s t  t ime has been obtained 
which allows prediction of i soba r i c  turbulent mixing 
r a t e s  i n  the near  field for compressible  flow of similar 
gases. 
experimentally confirmed for  isoenerget ic  s t r eams .  

The unique reference density approach has  been 

2. This predictioii method has  been analytically extended 
to compressible  flows with s t reamwise  p r e s s u r e  gradients,  
The re ference  density for  this condition i s  indicated to be 
that for  the i sobar ic  flow evaluated with conditions 
existing a t  the onset of mixing. 

3 .  The relat ion between the enthalpy and velocity distribution 
i n  turbulent f r ee  shea r  flows has  been shown to be analyti- 
cally different f r o m  the relation for  laminar  flows and pre-  
l iminary  experimental  confirmation of this h a s  been 
obtained for  the newly derived relation. 
of unity turbulent Prandt l  number has been relaxed. 

The res t r ic t ion  

4. A hardware  and instrumentation sys t em has been developed 
and brought to working status which will enable the 
accurate  experimental  investigation of a wide range of 
f r ee  shea r  flow problems. Specifically, such problems 
which a r e  of v i t a l  i n t e re s t  to design and optimization of 
SCRAMJET combustors a s  well as problems of a m o r e  
fundament a1 na tur e. 
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5. Molecular weight effects have been included in  the analysis. 
and the means to evaluate the re ference  s ta te  for  d i ss imi la r  
s t r e a m s  proposed a 
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A.PPENDIX "A" 

COMPUTER PROGRAM FOR EVALUATION OF PRESSURE 
GRADIENT FUNCTIONS IN THE MIXING ANALYSIS 

A N  EXPLANATION O F  PROGRAM 

I. Input 

The following var iables  are  given with their  F o r t r a n  names  and 

a n  explanation of their  significance. 

XLAMO = X 

H10 = h I 0  = enthalpy of p r imary  s t r eam.  

H20 = h 

P R T  = P r t  = Prandt l  no. of p r i m a r y  s t r eam.  

KN(1) = kn = eddy viscosity coefficient where the eddy viscosity 

= init ial  velocity r a t io  of s t r eams .  0 

= enthalpy of secondary s t r e a m .  
20 

N formula is  given by k (X)  = a k k X . 
1 N N O  

GAMMA = Y = specif ic  heat  ratio.  

U10 = u 

EM01 = m = Mach no. of p r imary  s t r eam.  

R = distance f r o m  the or igin to where the mixing disturbance is  

= velocity of p r i m a r y  s t r eam.  

01 

10 

negligible. 

ND = number of e lements  into which the mixing zone is  divided 

f r o m  the origin to distance 

bring about s tabi l i ty  in  the Runge-Kutta method of integration 

of the differential  equations. Also, i t  i s  desirable  to have 

ND = 41, where I i s  l a rge  enough s o  that R / I  is a s a t i s -  

factory incrementat ion for  integration of the result ing func- 

tions r N  and hO/hO1, and a small enough in te rva l  fo r  a 

complete description of the functions. 

R. It mus t  be small enough to 
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(11) NM = the number of functions to be considered i n  the first o r d e r  

mixing process .  This is the highest  power of X i n  the 

polynomial representat ion of the p re s su re .  

11. Output 

The output is given in  seve ra l  l ist ings of the functions computed 

f r o m  -R to t R  over the domain of q . The list ings shown i n  any given 

case a r e  descr ibed below: 

(1 1 For  each N there  is a l ist ing i n  increments  of 2 * ( R / N D )  of 

ve r sus  q. r r r 
gN1’ gN2’ ’N1’ N2’ N3’ N4 

Next, a l ist ing i n  increments  of 4 * (RJND) of ’1, (2) uo/uol ,  
is given where 81’ ~ N M  

2 1 -  
U 

[& e-tj 
hoz 1 

hO1 xg 
__I 

1 - lo  

This  compr ises  the description of the velocity field. 

( 3 )  The enthalpy field is next l i s ted  i n  increments  of 4 - (R /ND)  . 
This l ist ing gives: 

” ho/h03’ 1 ’  NM r r where 

r 1 - x o  
2 N4 
01 

r - t  1 
I- t -  

Y 
N1 Y - 1  N 2  

r = r  t- 
N3 2 ~ r t ( ~ - l ) m  (Y - 1 1 m0 

N 
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(4) Finally, the listing is  given of the functions fo r  the t ransformation 

of an q value to the compressible  plane i n  t e rms  of y y  X. They 

a re :  
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Summar ia l  Flow Char t  f o r  First 
O r d e r  Mixing Analysis 

I. Main P r o g r a m  

Input of p a r a m e t e r s  
and calculation of 
functions and con-  
s tants  independent 

\ n e w N  1 s tan ts  dependent on 
N and sett ing of 
init ial  values  of 
functions ~ N I ,  ~ ' N I J  

I =  l J 2 ;  J =  1 , 2 , 3  
gN1, 'NJ, r & J ~  I 

tion of functions 
through use of sub- 

Storage of end point 
values of functions 

Q 
Comparison of values 
a t  end points to  desired 
boundary values of 
functions. More  Runge 
Kutta integrations a r e  
done f o r  functions whos 
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of functions of functions +JJ, gh1, gN1 through 
use  of subroutine BDV 
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F rp m 
First Page  Q 

of initial values  of rN4, 

A- 6 



F L O W  CHART FOR TRANSFORMATION 
FUNCTIONS AND FINAL O U T P U T  

The following is  a suggested f o r m  for  calculation of transformation 

the gNi’ Ni ’ functions. 

values of the functions g ’  r a r e  s tored  i n  a r r a y s  s o  that, at the end 

of the calculation of boundary value, problems for  all N up to NM, all 

functions g 

A t  the end of each computation of the functions 

N’ N 

r have been developed. Starting f r o m  he re ,  the following 
N ’  N 

i s  done. Note: P .?. T 
TRO(1) = - hO/hO1dq; TR(1,K) = - 

0 
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T R ( J 4 ,  K) = T R ( J 4 - 1 ,  K) t 
4* DELX 

{R '(J-4, K) t 4 * R ( J -2 ,  K)  

P .(r 

1 

1- . -  4 - DELX 
$6 TR (14, K) = TR (I4t1, X) - 

{ R (It4, K) t 4 R (I t2 ,  K) t R (I, K)  } 

T R O  (ND/4t1)  = 0 

N L = N D / 2 t 1  

E T A P  (J4) = 0 
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- p, 1 HOBHOl(J-4) t 
4 * DELX 

6 TRO(J4)  = T R O  ( J 4 - 1 )  + 

I 4 HOBHOl ( 5 - 2 )  t HOBHOl(J) 

4- DELX p, 

1 

- 
6 TRO (14) TRO (14-1) - 

4 HOBHOl ( J t  2) t HOBHOl 

HOBHO1 (It?) t 

E T A P  (J4)  = E T A P  (J4-1)  t 4 * DELX 

E T A P  (14) = E T A P  (14f1) -t 4 DELX 

A-9  



Write  (ETAP(I) ,  HOBHOl(41-3), (R(4I -3 ,  K) ,  K = 1 ,  NMI, ' - 

Write  (ETAP(I),  TRO(I), (TR(1, K), K = 1, NM), 
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111. Subroutine BDV 

The purpose of this subroutine is  to make use of the three init ial  

value guesses  f i r s t  made. 

are t reated i n  the s a m e  manner .  The theory is below. 

Let  the boundary value problem on y be given as below. 

Then any following three init ial  value guesses  

Y"' = f 1 (XI y" -t f2 (X)  y '  t f3(X) y t f 4 (x) 

y ' ( t R )  = bl 

0 y ' ( -R)  = b 

Y (0) = Yo 

To solve this problem, one makes guesses  a s  to the values of y ' (O) ,  

y"(O), integrates  the differential and obtains the resu l t s  y r ( t R )  and 

y ' ( -R)  f o r  these guesses .  

we suppose a Taylor s e r i e s '  expansion exis ts  for  y ' .  

y"(0) = t. Then, 

In o rde r  to find what guesses  should be made 

Let  y ' ( 0 )  = s J  

Note that y(*)(O) can be expressed  as  

(4) 
y (0) = A4 t B4 s -k C4 t 

Any fur ther  derivative of y can be s imi la r ly  expressed:  

y(n) = A S B  s S C  t n n n 
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The express ion  for  y' at - t R  can then'be reduced to: 

Hence, for  a finite interval,  the values a t  the end points a r e  l inear ly  

re lated to the guesses  

three guesses  fo r  s ,  t,  and integrates  to obtain y ' ( t R )  - for  these guesses ,  

s & t for  the init ial  value problem. If one has  

(1) & (2) provide three equations for the unknowns: G1, G2' G3, G;, 

Gk, G;. 

(1) & ( 2 )  with y ' (R)  = b and y ' ( -R)  = b can be obtained. 

With these once calculated, the values for  s ,  t satisfying 

0 '  1 
There  a r e  two questions: how a r e  the s, t for the finite in te rva l  

problem related to the s, t for  the - t boundary value problem? how 

la rge  a r e  the values G2, G3, G i ,  G; - these m a y  be small enough to 

make the dependency on s,  t insenstivie i n  the regions around - t R ,  but 

the function around the origin may be considerably changed. 

The BDV subroutine assumes  that for  a la rge  R the s, t a r e  

near ly  those for  the - t problem and that sensit ivity on s ,  t is sufficient 

to allow these values to be calculated using (1)  & (2). It does s o  in these 

s teps  

G1, G2, G and A. Using y ' ( t R )  - for  3 previous guesses  
3 

G i ,  G;, GI a r e  calculated using (1) & (2) .  3 

B. Using these GIs one has  these equations for s Pr t 

1 
G s S G  t = b - G  2 3 1 

G' s -f- G; t = bo - G; 2 

These a r e  solved and the init ial  values s ,  t a r e  re turned the main program. 
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111. The Runge-Kutta Subroutines 

r r The RUNGK subroutine integrates  g 

After the 4th integration of these functions is  made,  their  endpoint 
N1’ gN2’ ‘N1’ N2’ N3’ 

values a r e  compared to the des i red  boundary values. If the comparison 

is within the des i red  tolerance for  some function, an integer  variable is 

set s o  that i f  fu r ther  integration for  other functions is needed, the inte- 

gration for  the function whose comparison is  good i s  avoided. A fur ther  

feature  of the RUNGK routine is  i t s  capability of integrating in  two 

directions.  T e s t s  are .  set  up within the subroutine to determine i f  the 

independent variable is  positive o r  negative and integration takes place 

ac c o r  dingly . 
The RUNGG subroutine is s imi l a r  to RUNGK except that i t  is  for  

alone. (Note that r depends upon g ) N4 N4  N ’  the function r 
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Table B1. Reduced Data f o r  Velocity Prof i les  
fo r  A i r -Ai r  Mixing 

2 
F igu re  15. C1 = . 6 9 l ,  1 = .857, p = 1.0 

x = 17.75 x = 29.75 x = 41. 75 

Y - Y  5 u / u  y - y . 5  u /u l  - y e 5  u /u l  
1 

-1.000 e 8465 
- .620 .8439 
- .415 . 8465 
-.  370 . 849 
- .260 .8541 - 
- D 210 .8593 
- .  180 . 8721 
- e 160 .8849 
- . l l O  .8978 
- .055 .9006 
- .005 .9399 

050 e 9488 
. l o o  .9611 

130 .9749 
e 180 .9852 
.240 .9903 
.280 e 9929 
.340 .9954 
.420 .9954 
.520 .9954 
.62O 0 9954 
.710 1.0005 
.750 1.0057 
.800 1.0108 
.825 1.0150 
-880  1.0160 
.925  1.0185 
.960 1.0185 

1 .000  1.0185 

-1.000 .8618 
-. 950 . 8593 -. 610 . 8567 -. 550 .8593 -. 460 . 8618 
-. 380 . 8670 
-. 350 . 8721 
- *  290 .8772 
-. 250 . 8824 
-. 160 .8952 
- 0  110 .9080 

. O l O  .9364 

.090 .9518 
190 .9672 . 240 .9800 

. 300  .9903 
370 .9954 

.410 1.0006 

.470 1.0031 

.530 1.0059 

.590 1.0006 

.650 1.0006 

.730 .9954 
a 770 9954 

870 .9954 
. 9 i o  1.0006 
.970 1.0057 

1.000 1.0082 

-. 700 .8644 
-. 470 .8644 
-. 390 . 8721 
-. 340 .8798 
-. 260 .8875 
-. 185 .9029 -. 140 .9132 
-. 060 .9262 

.030  .9390 

.150 9544 

.250 .9646  

.335 .9749 

.400 .9852 

.480 .9826 

.575  .9852 

.695 .9852 

.770 .9852 

.900 .9826 

.965 .9852 
1.000 .9852 
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Table B 1 (continued) 

I 

x = 5.75 

y - y.5 U / U l  

-. 515 
-. 460 
-. 265 
-. 220 
-. 180 -. 140 
-. 085 
-. 045 

0 
.025 
.040 
.060 
. 105 

180 
.275 
.335 
.465 

650 
.730 . 875 
.990 

708 
.708  
.710 
.723  
.739 
.766 
.800 
. 828 
. 857 
.884 
.913  
.949 

1.008 
1.008 
1.008 
1.008 
1.008 
1.000 

.997 

.997 
1.000 

x = 17.75 x = 29.75 

- y * 5  

- .940 
- .845 
- .495  
- .410 
- .340, 
- .260 
- . z o o  -. 125 
- .030 

0 
.065 
. 125 
.190 
.280 
.395 
D 435 
.490 
.575 
.640 
.740 
.890 

1.140 

1 

.713 

.713 

.713  

.715 

.723 
0 744 
770 

.805 

. 841 

.857 
877 
913 

.944  

. 9 6 6  

.980 

.990 

.995 
,995  
.995 
.992 
.992 

1.000 

u / u  Y - Y o 5  

-. 780 
-. 650 
-. 580 
-. 520 
-'. 460 
-. 390 
-. 320 
-. 250 
-. 190 
-. 120 -. 060 
-. 030 

0 
.050 . 130 
.200 
. 290 
.360 
.430 
.490 
.550 
.580 
.700 
.760 
.870 
.950 

1.040 

U/Ul 

.708  

.708 

.710 

.713  

.723 
,739  
.749 
.772 
.790 
.816 
. 838 
. 846 
.857. 
. 867 
. 893 
.913  
.929 
.949 
.954  
.954  

970 
.975  
.980 
.990 
.990 
.995 
.997 
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. .  . .  

F i g u r e  1.7. 

x = 17.75 

y - y . 5  

-. 800 
-. 700 
-. 480 
-. 390 
-. 275 -. 215 
- *  195 
-. 165 
-. 145 -. 105 
-. 070 
- * 020 

0 
.055 
.160 
.220  
e 270 
.335 
.430  

500 
580 

e 730 
1.020 

U / U l  

.715 

.715 
718 

.725 

.728  
,731  
.739 
.749 
772 . 805 
. 849 
.864  

905 
0 949 
.970 
.980 
.985 

992 
* 992 
0 995 

997 
1.000 

-. 720 

Table B1 (continued) 

2 C, = .694, X = .718, p = 1.0 
1 

x = 29,75 

- y . 5  u /u l  

-. 840 
-. 790 
-. 580 
-. 475 -. 420 -. 370 -. 270 
-. 150 

0 
. I 1 0  
.215  
.275 . 330 
a 435 
.550  
.710 
.930 

1,065 

.731 

.731 

.731 
0 739 
.749 
.766 
.790 
.826 
.864 
.905 
.939 
.954 

964  
.980 
e 987 

987 
.987 
.990 

x = 41,.75 

'- y. 5 U / U l  

-1.040 .708  
- . 869  .715 
- .712 .728  
- .575 .739 
- .420 .766 
- ,290 .800 
- .070 852 

0 .864  
.090 .890 
.290 .931 
.460 .954  
.675 .977 . 810 .982 
.960 .990 

1.110 ,990  
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Table B 1 (continued) 

2 
F i g u r e  18. C1 = ,528 ,  X = .8182, p = 1.0 

x = 5.75 x = 17.75 x = 29.75 

- y e 5  

-1.270 
- -855  
- -530  
- .395 
- -270  
- .235 
- .140 
- .055 

.020 

.070 

.165 

.240 

.300 

.444 

.605 

.730 

.835 

u /u l  

.826 

. 813 

.811 

.783 
0 781 
.783 
e 806 
.857 
.923 
.973 
.994 

1.000 
1.000 

.996  

.993 

.999 
999 

- *.5 

-1.260 
-1.020 
- ,690  
- .410 
- e290 
- .200 
- -110  
- .050 

. 030  

. 150 
0 300 
.440 
0 500 
.640 

U / U l  

. 837 

.813 . 811 
,826  

837 
e 852 
e 872 
.892 
.918 

958 
.984 

1.004 
1,004 
1 .006  

- y.5 

- 1,060 
- .830 
- .550 
- ..180 
- .005 . 150 

385 
.650 
.900 

1.000 

u l  u 

.826 

.820 

.839 

.867 

.908  

.928 

.958 

.989 

.999  

.999  
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Table B 1 (continued.) 

2 
F i g u r e  19. Cl0 = .735, X o  = .825 

x = 5.75 

- y.5 u /u l  

- ,651 -. 550 
-. 420 

300 -. 225 
-. 195 
- *  143 
- 0  090 -. 030 
t. 070 

.130  

.235 
. 3 6 5  
. 590 
m 720 
.850 

915 

.843  

.845 

.845 

.840 

.827 

. 8 2 7  

.837 

.873 

.905  

.935 

.965 
,987  

1.00 
1 . 0 0  
1.00 
1 .00  
1 .00  

x = 17.75 

y -  y.5 u /u l  

-. 7 2 0  -. 580 
-. 380 
-. 275 
- -  165 
-. 090 
+. 005 
t. 065 

e 190 
.260 
.322  
e 441 
, 6 2 0  
e 740 
.860 
.950  
.970 

990 

.814 
813 

.814  

.855 

.860 

.900 

.920 

.945  

.957 

.965 

.9?2 

.968 

.970 

. 9 6 6  
970 

.972 

.972 
0 973 

x = 29.75 

Y - Y . 5  u /u l  

-. 880 
-. 615 
-. 700 
-. 420 
-. 370 
-. 250 
-. 210 
-. 140 
-. 050 
t. 050 

. l l O  

. 190  

. 370 

. 5 2 0  
, 740  

.813  

.815 

.820 

.827 

.837 

.857 

.875 

.890 

.908  

.927 

.940 

.950 

.960 

.967 

.975 
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Table B1 (continued) 

F igure  20. 

x = 5.75 

- y e 5  

- 1 440 
-1.320 
-. 680 
- *  560 -. 400 
-. 280 -. 160 
- e  140 
- *  080 
-. 050 
-. 020 

.020 
050 

. l o o  
e 150 
.zoo 
.260 

360 
.480 
e 560 
. 640 
.720 
.780 

U / U l  

.829 
829 

.818 

.818 

.795  

.772 

.784 

.795 

. 824 

.858  

. 897 

.932 

.960 
0 977 
.988 
.994 
.988  
.952 
,988  
0 994 

1.000 
1.000 
1,Cloo 

x = 17.75 x = 29.75 

9 . 5  u /u l  - y . 5  u /u l  

-1.320 .824 

- 1 .-060 . 812 
-. 560 . 812 -. 460 . 824 

350 .829 -. 180 .858  -. 080 .880  
0 . 897 

a 050 .926 
. 140 .948  

.340 , 9 6 6  

.380 .971 

.440 .971 

.620 .971 

-1.180 -818 

.240 .960 

-1.300 608 
-1.280 .585 

-1.140 .636 
-1.060 .676  -. 900 .721 

760 .750 
-. 620 .755 
-. 460 .755 
-. 240 .761 -. 080 .772  
.. 040 .807 
.240 .a40  
.380 .869 
.460 .858  
. 540 .886 
.620 .909 

-1,200 .613 
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